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Numerical studies have been carried out for laminar physiological pulsatile 
flow through a circular tube with smooth single and double constrictions. A second-
order finite volume method based on the modified SIMPLE method with collocated 
non-orthogonal grid arrangement has been developed. For a vessel with single 
constriction, the characteristics of the incoming pulsation waveform of the flow rate 
have a considerable impact on the flow behaviour in the tube in terms of streamline, 
dimensionless pressure and wall vorticity distributions. The variation of the geometry 
of the stenosis also influences the interior flow pattern although the incoming flow 
remains consistent. The extent to which the different parameters affect the vortical 
flow is not the same for systolic and diastolic phase of the physiological pulsation. 
For double constriction, the post-stenotic flow behaviour downstream the second 
stenosis is not as severely affected by the incoming flow as for single constricted 
tubes. Distinct geometric configurations of the two stenoses will result in obvious 
variations of the induced vortices. 
 
Keywords: Numerical modelling, Finite volume, Physiological flow, Constriction, 
Tube, Laminar flow 
  
 
NUMERICAL STUDIES ON PHYSIOLOGICAL 












NATIONAL UNIVERSITY OF SINGAPORE 
2007 
  
NUMERICAL STUDIES ON PHYSIOLOGICAL 











A THESIS SUBMITTED 
FOR THE DEGREE OF MASTER OF ENGINEERING 
DEPARTMENT OF MECHANICAL ENGINEERING 





I would like to express my sincere thanks to my research and thesis supervisors, 
Associate Professor T. S. Lee and Associate Professor H. T. Low for their patient 
guidance, enthusiastic support, encouragement, advices and comments on my research 
and thesis work. Their serious attitude on science and research work always infects 
and encourages me throughout my period of study. 
 
I will also give my sincere regards to my colleagues in Fluid Mechanics 
laboratory who provided me with a great amount of help from the time I came to the 
National University of Singapore. 
 
During my stay in Singapore, I received a lot of encouragement from my 
parents and my family, which is the strongest spiritual support for me. No words 
could express my gratitude to my family members. 
 
Finally, I want to thank the National University of Singapore for the financial 
support on my study and research, and for providing me the opportunity to pursue my 
Master’s degree. 
 ii
TABLE OF CONTENTS 
ACKNOWLEDGEMENTS i 
TABLE OF CONTENTS ii 
SUMMARY v 
NOMENCLATURE vii 
LIST OF FIGURES 
 
ix 
Chapter 1    INTRODUCTION 1 
    1.1. Background 1 
    1.2. Objective and Scope 3 
    1.3. Outline of Thesis 4 
Chapter 2    LITERATURE SURVEY 6 
    2.1. Steady Flows in Constricted Tube 6 
    2.2. Unsteady and Pulsatile Flows in Constricted Tube 9 




    3.1. Physical Solution Domain and Governing Equations 15 
    3.2. Geometrical Model 17 
        3.2.1 Circular Tube with Single Constriction 17 
        3.2.2 Circular Tube with Double Constrictions 18 
    3.3. Modified SIMPLE Method 19 
    3.4. Discretization of Governing Equations 21 
    3.5. Boundary conditions 26 
        3.5.1. Steady flow 26 
        3.5.2. Pulsatile flow 27 
 iii
Chapter 4    VALIDATION OF NUMERICAL METHODS 
 
30 
    4.1. Steady Flow through a Cosine Curve Constricted Tube 30 
        4.1.1. Grid Refinement Study 30 
        4.1.2. Comparison with Deshpande and Yong & Tsai 31 
        4.1.3. Comparison with Ahmed & Giddens 32 
    4.2. Development of Unsteady Flow through a Straight Tube 33 
    4.3. Concluding Remarks 35 
Chapter 5    NUMERICAL STUDY ON PULSATILE FLOW THROUGH 
A STENOSED TUBE – EFFECT OF FLOW PROPERTY 
 
36 
    5.1. Model Configuration 37 
        5.1.1 Model Description 37 
        5.1.2 Physiological Pulsatile Flow 37 
    5.2. Results and Discussion 40 
        5.2.1 Waveform Pulsatile Flow in a Constricted Tube 40 
        5.2.2 The Effects of Systole Acceleration-to-Deceleration Time Ratio 43 
        5.2.3 The Effects of Systole-to-Diastole Time Ratio 46 
        5.2.4 The Effects of the Reynolds Number 50 
        5.2.5 The Effects of the Womersley Number 54 
    5.3. Concluding Remarks 57 
Chapter 6    NUMERICAL STUDY ON PULSATILE FLOW THROUGH 
A STENOSED TUBE – EFFECT OF CONSTRICTION GEOMETRY 
 
60 
    6.1. Model Configuration 60 
        6.1.1. Model Description 60 
        6.1.2. Physiological Pulsatile Flow 61 
    6.2. Results and Discussion 62 
        6.2.1. The Effects of the Constriction Ratio 62 
 iv
        6.2.2. The Effects of the Non-symmetrical Constriction 65 
        6.2.3. The Effects of the Constriction Length 68 
    6.3. Concluding Remarks 71 




    7.1. Model Configuration 75 
        7.1.1 Model Description 75 
        7.1.2 Physiological Pulsatile Flow 75 
    7.2. Results and Discussion 77 
        7.2.1 Waveform Pulsatile Flow through Double Cosine Shape Stenosis 77 
        7.2.2 The Effects of Spacing Ratio 78 
        7.2.3 The Effects of Downstream Constriction Ratio 80 
        7.2.4 The Effects of the Reynolds Number 82 
        7.2.5 The Effects of the Womersley Number 86 
    7.3. Concluding Remarks 90 
Chapter 8    CONCLUSIONS AND RECOMMENDATIONS 93 
    8.1. On the Numerical Method 93 
    8.2. On Waveform Pulsatile Flow in a Stenosed Tube 94 
    8.3. On Waveform Pulsatile Flow through Double Constrictions 96 





Numerical simulations have been carried out for laminar sinusoidal and physiological 
pulsatile flows in a tube with smooth single and double constrictions. A modified 
SIMPLE method has been developed to solve the fluid flow governing equations on a 
non-staggered non-orthogonal grid based on collocated arrangement.  
The effects of the systolic acceleration-to-deceleration time ratio and the 
systole-to-diastole time ratio for physiological waveform pulsatile flow on the flow 
field in a stenosed tube are studied by comparing the results of the instantaneous 
streamlines, the instantaneous wall vorticity distribution and the instantaneous 
dimensionless pressure drop. The propagating vortices show great sensitivity to the 
waveforms of the incoming flow. The generation and development of the vortices 
may be linked to the presence of an adverse pressure gradient. The acceleration-to-
deceleration time ratio greatly influences the wall vorticity distributions downstream 
the stenosis where the vortex becomes the major factor that determines the wall 
vorticity. The length of the vortex and the strength of both the primary vortex and 
secondary disturbance are proportional to the value of the systole-to-diastole time 
ratio. The effects of the Reynolds number and the Womersley number are also studied 
numerically. The increasing of the Reynolds number and the Womersley number are 
found to contribute to the increase of the strength for both primary and secondary 
vortices. However, the length of the vortices increases with the increase of the 
Reynolds number, but is inversely proportional to the Womersley number. The global 
as well as the local pressure gradient is significantly related to the Reynolds number 
and will increase dramatically with the increase of the Reynolds number. 
Apart from the properties of the incoming pulsatile flow, numerical 
investigations on the effects of the geometry of the stenosis on the interior flow 
 vi
behaviour are conducted in the present work. How the constriction ratio, the 
constriction length and the non-symmetric constriction influence the flow pattern are 
studied. It is observed that the increases of the constriction ratio, the constriction 
length and the non-symmetric constriction will result in the acceleration and the 
strengthening of the induced vortices, both the primary and the secondary ones. The 
dimensionless pressure drop and the wall vorticity increase dramatically for a severer 
constriction. The non-symmetric constrictions cause a lower pressure drop and wall 
vorticity at the vortices. The pressure distribution is greatly increased by a longer 
constriction. 
Numerical studies have been carried out for physiological waveform pulsatile 
flow through double stenosed tubes with various Reynolds number and Womersley 
number and different geometry configurations by varying the spacing ratio between 
the two constrictions and the constriction ratios of different constrictions. Conclusions 
are drawn that the increase of the Reynolds number results in a decrease of the size of 
vortices both between the stenoses and downstream the second stenosis. By varying 
the Womersley number, the flow characteristics at the second constriction are not 
significantly affected, while it is not the case at the first constriction. For the spacing 
ratio beyond a critical number of about 4.0, the flow pattern, the pressure and the wall 
vorticity distribution in the valley region between the constrictions may not be 
apparently influenced by the downstream constriction. By varying the constriction 
ratio of the downstream stenosis, it is found that the peak wall vorticity and the local 
pressure gradient generated by the second stenosis with the constriction ratio greater 




A pulsatile amplitude for sinusoidal incoming flow 
a0 radius of the tube infinitely far upstream 
C, C1, C2 constriction to radius ratio 
F flux 
i, j unit vector along z- and r-direction 
L total length of the tube 
l0 dimensionless length of the narrowest section of the constriction 
lc, lc1, lc2 dimensionless distance from the center of the stenoses to the inlet 
ls1, ls1, ls2 dimensionless length of the constriction 
lu, ld dimensionless length of the up/downstream wall of the constriction 
m  mass flux 
n unit orthogonal vector 
p pressure 
 
Q flow rate 
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Hardening and narrowing of arteries due to the deposition of plaque is understood as 
an early process in the beginning of atherosclerosis - a disease normally seen in the 
cardiovascular system. Found predominantly in the internal carotid artery which 
supplies blood to the brain, the coronary artery which supplies blood to the cardiac 
muscles and the femoral artery which supplies blood to the lower limbs, the localized 
atherosclerotic constrictions in arteries are known as arterial stenoses. Plaque may 
partially or totally block the blood's flow through an artery. If either bleeding 
(hemorrhage) into the plaque or formation of a blood clot (thrombus) on the plaque's 
surface occurs and blocks the whole artery, a heart attack or stroke may result. On top 
of that, both moderate and severe stenoses may have long-term influence on health. 
Blockage of more than about 70% (by area) of the artery is considered clinically 
significant since it presents significant health risks for the patient (Nichols and 
O’Rourke, 1998). The atheromatous plaques, though long compensated for by artery 
enlargement, eventually lead to plaque ruptures and stenosis (narrowing) of the artery 
and, therefore, head losses and an insufficient blood supply to the organ it feeds. 
Actually, when the internal diameter is reduced to more than 50% of the nominal 
value, these pressure losses are most significant (Young and Tsai, 1979). 
Alternatively, the internal wall (intima) of the artery tends to be weakened and 
damaged by the fluctuations in the blood flow downstream the stenosis. The wall 
pressure and wall shear stress play a significant role in the process of damaging the 
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intima. The increased dispensability of the arterial wall induced by high-frequency 
pressure fluctuations may be the main cause of the post-stenotic dilatation (widening 
of the artery downstream of the stenosis) (Roach, 1963; Lighthill, 1975). 
Biomechanical studies (Nerem, 1992; Giddens et al., 1993; Zarins and Glagov, 1994) 
suggested that highly variable wall shear stress in the distal artery usually results in 
atherosclerosis. The variability in wall shear can prevent endothelial cells (cells that 
line the intima) from aligning in the direction of the flow, so that the intima tends to 
be more permeable to the entry of harmful blood components. Further studies have 
correlated atherosclerosis with low shear stress flow regions (Friedman et al., 1981; 
Ku et al., 1985). There are still other studies show that atherosclerosis would be 
accelerated by platelet activation introduce by high shear stress (Stain et al., 1982). 
For subcritical stenoses, the pathological effects on the distal artery are likely to be 
more pronounced (Bomberger et al., 1981). But for severe stenoses, atherosclerotic 
lesions are less likely to be formed because it provides some protection to the distal 
artery (Creech, 1957). 
To sum up, there are hardly any doubts that the fluid dynamics of post-stenotic 
blood flow plays an important role in the progression of atherosclerosis, even though 
there are different views in the previous discussion on the relative importance of these 
various hemodynamic factors. The study of the blood flow in arteries may include 
unsteady flows, complex geometries, various viscosity, turbulence and secondary 
flow structures. The most interesting and challenging part of the study on the blood 
flow is the pulsatile nature which creates a dynamic environment and raises unsteady 
fluid mechanics problems. 
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1.2. Objective and Scope 
The main objectives of the current study include: 
i. To develop and validate an efficient solver of the incompressible Navier-
Stokes equations with good accuracy and stability and is capable of 
modelling the pulsatile laminar flow in human arteries.  
ii. To study the influence of the incoming physiological waveform pulsatile 
flow on the vortical fluid dynamics in a single cosine curve stenosed tube 
by varying the acceleration-to-deceleration time ratio in the systolic 
interval and the systole-to-diastole time ration of the waveform pulsatile 
flow by comparing the instantaneous streamlines, the wall vorticity 
distribution and the dimensionless pressure drop along the tube while 
fixing the Reynolds number and the Womersley number. 
iii. To examine the effects of the Reynolds number and the Womersley 
number of the physiological waveform pulsatile flow on the flow field in 
the constricted artery by means of the instantaneous streamlines, the wall 
vorticity distribution and the dimensionless pressure drop at different 
instants of the pulsation. 
iv. To study the effects of the geometry of a single constricted blood vessel on 
the interior physiological pulsatile flow pattern in terms of the constriction 
ratio, the constriction length and the non-symmetric constriction 
configuration. 
v. To investigate the effects of the geometry of a straight tube with double 
stenosis on physiological waveform pulsatile flow pattern by looking at 
different spacing ratio between the stenosis and constriction ratio of the 
downstream stenosis. 
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In the present study, the flow is assumed to be laminar, homogenous and behave as 
Newtonian fluid. A Newtonian fluid assumption is made to simplify the model 
because the effect of the non-Newtonian properties of the fluid on wall shear stress is 
only in the arterial regions with high velocity gradients (Valencia et al., 2006). In 
arteries that are not too small, this effect can be neglected according to Pedley (1980). 
As the present study mainly focuses on the effects of the properties of the fluid and 
the tube geometry on the flow behaviour, fluid-structure interaction is not taken into 
consideration and is regarded as a different field of study. Thus the elasticity of the 
tube wall is neglected and non-slip boundary condition is applied on the rigid tube 
wall. The straight tube is cylindrical in shape with a circular cross-section and long 
enough compared to the region being studied. 
 
1.3. Outline of Thesis 
The outline of the thesis is organized as follows: 
 In Chapter 2, a literature survey is conducted for the previous studied on both 
steady and unsteady flows in the constricted tube. Both the numerical simulation and 
the experimental work are reviewed. Chapter 3 formulates the governing equation and 
the numerical procedure as well as the geometry of the model and the boundary 
conditions. A modified SIMPLE algorithm is introduced to solve the Navier-Stokes 
equations in a cylindrical coordinate based on a collocated non-orthogonal grid. In 
Chapter 4, a variety of computed results are presented in detail to validate the present 
numerical method for both steady and unsteady laminar flow. The effects of the 
systolic acceleration-to-deceleration time ratio and the systole-to-diastole time ratio 
for a physiological waveform pulsatile flow, together with the effects of the Reynolds 
number and the Womersley number on the flow behaviour are studied numerically in 
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Chapter 5. In Chapter 6, the effects of the geometry of the single constriction on the 
physiological pulsatile flow behaviour in the blood vessel are studied for different 
constriction ratio, constriction length and the non-symmetric constriction. In Chapter 
7, numerical simulations of physiological pulsatile flow in a double stenosed tube are 
made to investigate the effects of the Reynolds number, the Womersley number, the 
spacing ratio and the downstream constriction ratio of the stenosis on the flow 
behaviour. Conclusions of the present work are made in Chapter 8 and the 




Because of the biomedical engineering interest (such as applications to artificial 
organs etc.) and the feasible medical applications, fluid dynamics study of blood flow 
in artery becomes more and more important and has increasingly attracted the 
attention of scholars. The hemodynamic behaviour of the blood flow is influenced by 
the presence of the arterial stenosis. The study of pulsatile flow through a stenosis is 
motivated by the need to obtain a better understanding of the impact of flow 
phenomena on atherosclerosis and stroke in terms of wall shear stress, pressure 
distribution and so on. Many studies have been undertaken both experimentally and 
theoretically to try to understand the effects of stenosis on blood flow through and 
beyond the narrowed segment of the artery. In this section, a state-of-the-art literature 
survey has been carried out to review flows through the stenosed circular tubes and 
the related numerical simulation methods. 
 
2.1. Steady Flows in Constricted Tube 
A large number of studies have been carried out for the flows through arterial 
stenosis in the past thirty years, in most of which, the flows have been assumed to be 
steady. Lee and Fung (1970) performed one of the earlier numerical works on this 
type of problem. A numerical scheme of vorticity stream-function method coupled 
with conformal mapping was used to study the flow in locally constricted tubes, 
described by bell-shaped constriction models, for the Reynolds number ranging from 
0 to 25. Later on, in order to numerically verify the experimental results obtained by 
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Young and Tsai (1973), a steady laminar flow through cosine-shaped vascular 
stenoses, with various Reynolds numbers, constriction ratios and constriction length is 
carried out by Deshpande et al. (1976). They reported that the Reynolds number and 
constriction ratio are the main parameters which determine the flow structure in the 
tube with stenosis. After that, Fukushima et al. (1982) solved the problem of blood 
flow with the Reynolds number of less than 400 through one or two sinusoidal 
stenoses arterial models using an integral-momentum approach. In addition, by 
solving the finite-difference approximation of the unsteady vorticity transport 
equation, O’Brien and Ehrlich (1985) investigated a smooth isolated occlusion in a 
straight vascular tube for Reynolds number of 100. Lee (1990, 1994 and 2002) was 
one of the pioneers to perform numerical studies on steady laminar flow fields in the 
neighbourhoods of two consecutive constrictions in a tube. A vorticity stream-
function approach was used to describe the flow field and double bell-shaped 
constrictions models with the constriction diameter ratios of 0.2 to 0.6 and the 
dimensionless constriction spacing diameter ratio of 1, 2, 3 and infinite were 
investigated numerically. A spectral element method for computational fluid 
dynamics was employed by Siegel et al. (1994) to study the steady hemodynamic 
flow field in a cosine-shaped stenosed tube with variable area reductions with the 
Reynolds number varying from 100 to 400, which is within the range of physiological 
flow. Damodaran et al. (1996) did a research on the steady laminar flow through tubes 
with multiple constrictions using curvilinear co-ordinates. In their research, the effects 
of the number of constrictions on wall shear stress, pressure drop, streamline, vorticity 
and velocity distributions was being studied. Curvilinear co-ordinates and a finite 
volume discretization procedure were used as the governing equations to solve the 
problem. Another numerical investigation on blood flow in arterial conical stenosis 
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was done by Reese and Thompson (1998) by applying a momentum integral model 
developed for the calculation of shear stress in stenoses with Reynolds numbers up to 
1000. Furthermore, Liao et al. (2002) presented a numerical study on steady laminar 
flow fields in the neighbourhoods of three consecutive constrictions in a tube with 
various constriction ratio and Reynolds number. The transformed vorticity stream-
function form of the Navier-Stokes equations was used to describe the flow field. 
Kotorynski (2004) studied analytically with the method of slow variations to examine 
the low Reynolds number viscous flow in the neighbourhood of a constriction in 
circular pipe. Huang et al. (2006) did a study on Lattice-Bhatnagar-Gross-Krook 
(LBGK) simulation of steady flow through vascular tubes with double constrictions. 
The evaluation of the accuracy and efficiency of LBGK method application in 
simulation of the 3D flow through complex geometry was done and found that the 
overall order of accuracy of these LBGK solutions is about 1.89. 
Generally, the flow is assumed to be laminar in the absence of stenosis, for the 
transition of fully-developed fluid flow in a pipe does not occur until the Reynolds 
number based on diameter and average axial flow velocity exceeds about 2300. 
However, the moderate and severe stenosis results in a highly disturbed flow region 
downstream of the stenosis. Depending on specific flow conditions and the geometry 
of the stenosis, the disturbed flows may either remain laminar or undergo a transition 
to turbulent flow. A Steady simulation was performed by Ghalichi et al. (1998) 
reported results using Wilcox k-ω model turbulence model for simulations of flow 
through straight tubes with stenoses over a range of physiological relevant Reynolds 
number from 50 to 2000 and compared their results with the experimental data 
obtained by Deshpande and Giddens (1980) and Ahmed and Giddens (1983). Lee et 
al. (2001 and 2003) presented a method of artificial compressibility to solve the 
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Reynolds-averaged Navier-Stokes equations and k-ω turbulent model equations 
governing the flow field through series bell-shaped constrictions with a variety of 
constriction ratios and constriction spacings. 
 In addition to these numerical studies, numerous experimental studies on 
steady flow in the constricted tube are also carried out by researchers. Forrester and 
Young (1970) studied experimentally on laminar fluid flow through a converging-
diverging tube and its implications in occlusive vascular disease. Young and Tsai 
(1973) reported a series of experiments on the flow characteristics for the models of 
arterial stenosis with different constriction ratios and a wide range of Reynolds 
numbers. Their study showed that in laminar flow regime the recirculation zone and 
the global pressure drop as grows the Reynolds number increases. Ahmed and 
Giddens (1983) investigated the steady velocity field of Reynolds number 500 to 2000 
in the neighborhood of axisymmetric constrictions in rigid tubes with laser Doppler 
anemometry and flow visualization. Stenoses of 25%, 50% and 75% area reduction 
were studied. Lieber and Giddens (1990) suggested that atherosclerotic intimal 
thickening requires that the wall shear stress must be low throughout the pulsatile 
cycle, not simply low in the mean sense by investigating the sinusoidal pulsatile flows 
through the stenosed tubes with 75% and 90% area reduction. Cavalcanti et al. (1992) 
studied experimentally on the arterial stenosis models in steady flow condition but 
mainly focused on the pressure drops through the artery. 
 
2.2. Unsteady and Pulsatile Flows in Constricted Tube 
Despite the fact that the importance of the unsteady flow characteristics has been 
recognized, in-depth knowledge about pulsatile flow in stenosed arteries is still rather 
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limited, for unsteady experiments are relatively difficult to perform and the 
corresponding numerical simulations are also complicated and challenging. 
 By assuming a rigid boundary at the artery wall, Back et al. (1977) obtained 
numerical solution to pulsatile flow in the coronary artery with double constrictions. 
Apart from steady flow, O’Brien and Ehrlich (1985) also conducted numerical 
simulation of the pulsatile flow in a constricted artery to make a comparison of the 
steady and unsteady results. They concluded that the study on unsteady flow would be 
of much more importance than the study on steady flow to predict the atherosclerosis. 
Huang et al. (1995) simulated both steady and unsteady flow through rigid tube with a 
smooth stenosis both experimentally and numerically. They suggested quantitatively 
that the high shear stress may not result in the initiations of the atherosclerosis lesions. 
The pulsatile flow through a stenosis for both Newtonian and non-Newtonian fluid 
has been numerically studied by Buchanan et al. (2000) by comparing their flow 
behaviors. They concluded that the differences in the interaction between inertial and 
viscous forces had a measurable effect on the wall hemodynamic properties. Yakhot 
et al. (2004) did a modeling of rough stenoses by an immersed-boundary method. 
Pulstatile laminar flow of a viscous, incompressible fluid through a stenosed artery 
was simulated. Complex geometry obstacle with surface irregularities is simulated by 
using the immersed-boundary method. The influence of the shape and the surface 
roughness on the flow resistance was numerical study and the results show that no 
significant influence on the flow resistance across an obstacle for a physiological 
range of Reynolds numbers. Mandal (2005) did an unsteady analysis of non-
Newtonian blood flow through tapered arteries with a stenosis by using generalized 
Power-law model. The vascular wall deformability is taken to be elastic (moving wall) 
in this numerical study. 
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 Besides assuming that the inflow to be of a simple periodic variation with time 
for the studies of pulsatile flow through stenosed arteries, there are many studies on 
more complex waveform inflow such as the physiological flow other than single 
harmonic pulse. It was illustrated by researchers that these types of flows exhibited 
different arterial flux waves. McDonald (1955) proposed a typical waveform to 
describe the physiological flow for the canine femoral artery. This waveform was 
generally used by researcher later on to model the physiological flow. Zendehbudi 
and Moayeri (1999) presented the numerical solutions under the condition of laminar 
flow for physiological flow as well as simple pulsatile flow with the Reynolds number 
up to 390 through cosine shaped arteries. By employing a finite element method, 
Deplano and Siouffi (1999) performed numerical simulations for another type of 
physiological flow that has a different velocity waveform. The stenosis investigated in 
their study was of 75% area reduction. Numerical results were compared with their 
experimental ones. Bertolotti et al. (2001) simulated three-dimensional unsteady 
flows through coronary bypass anastomosis and provided a comparison between 
experimental and numerical velocity profiles coupled with the numerical analysis of 
spatial and temporal wall shear stress evolution. Liu and Yamaguchi (2001) presented 
a two-dimensional numerical modelling of unsteady flow in a stenosed channel using 
a waveform dependence analysis on the physiological pulsation. Mahapatra et al. 
(2002) found numerically the critical Reynolds number for asymmetric flow through a 
symmetric constriction depending on the area reduction and the length of the 
constriction. The asymmetry of the flow grows with the increment of Reynolds 
number. A third-order high-resolution scheme and a non-linear multigrid algorithm 
were used by Mallinger and Drikakis (2002) to present a computational investigation 
of instabilities in pulsatile flow through a three-dimensional stenosis. They found that 
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even though the stenosis is axiymmetric, the instability is manifested by asymmetric 
flow. Large flow variations in the cross-sectional planes and swirling motion in the 
post-stenotic region were found. Moayeri and Zendehbudi (2003) looked at the effects 
of elastic property of the wall on flow characteristics through arterial stenoses. 
Pulsatile flow which is considered as physiological flow is used in this numerical 
study. The different geometries of the arterial system are fully simulated. The results 
show that deformability of the wall will cause an increase in the time average of 
pressure drop but a decrease in the maximum wall shear stress. Li et al. (2004) 
numerically studied three types of pulsatile laminar two-dimensional fluid flows in a 
multiple constricted tube. A Reynolds number of 100 and a Womersley number of 
12.5 were selected. The two constrictions were set to be with the same constriction 
ratio and the dependence of the flow on the dimensionless parameters had been 
investigated. 
There are also numerical investigations on turbulent pulsatile flows. However, 
to model this type of flow is much more difficult and complicated than laminar flow 
because of the occurrence of turbulence. To study the effects of the Raynolds number 
and the inlet velocity profile on the flow field, Lee et al. (1996) conducted a 
correctional k-ε turbulence model simulation numerically of the turbulent flows in a 
tube with a ring-type constriction for the Reynolds number varying from 50 to 100000. 
However, such high Reynolds numbers are not realistic if it is to be applied to study 
the physiological system. Mittal et al. (2001, 2003) provided a better understanding of 
post-stenotic time-based sinusoidal pulsatile turbulent flow through a modeled arterial 
stenosis by applying the technique of LES with peak Reynolds number of 2000 and a 
Strouhal number of 0.024 in their numerical simulation. A numerical study on the 
physiological turbulent flow fields in the neighborhoods stenosed arteries had been 
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carried out by Liao et al. (2003). The solution procedure was based on the method of 
artificial compressibility. The numerical solutions to simple pulsatile flow, equivalent 
physiological flow and physiological flow are compared. The effects of the Reynolds 
number, the Womersley number and the constriction ratio of stenosis on the pulsatile 
turbulent flow fields for the physiological flow are investigated by varying the 
parameters and comparing the streamlines and wall vorticity. Ryval et al. 2004 looked 
into a two-equation turbulence modeling of pulsatile flow in a stenosed tube. The 
study was based on sinusoidal pulsatile flow in 75% and 90% area reduction stenosed 
vessels which goes through a transition from laminar to turbulent flow. 
Apart from the mentioned numerical studies on the unsteady flows in the 
constricted tube above, there are experiments carried out to investigate the flow field 
by modelling the pulsating movement of the flow. One of them was done by 
Yongchareon and Young (1979). The authors studied the relationship between the 
critical Reynolds numbers and some dimensionless frequency parameters and the 
relationship between the critical Reynolds numbers and the shape of the constrictions 
respectively. Siouffi and Deplano et al. (1998) presented a study of the post-stenotic 
velocity flow field corresponding to oscillatory, pulsatile and physiological flow 
waveforms using a pulsed Doppler ultrasonic velocimeter. Two-dimensional velocity 
measurements are performed in a 75% severity stenosis. Ahmed (1998) did an 
experimental investigation of pulsatile flow through a smooth constriction and 
reported the measurements of flow disturbances in the downstream region of modeled 
stenoses in a rigid tube, with upstream pulsatile. Flow visualization of the experiment 
gives a clear classification of the disturbances which are useful for the data analysis. 
Beratlis et al. (2005) carried out both experimental and numerical investigations of 
transitional pulsatile flow in a stenosed channel. Specification of velocity boundary 
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conditions at the inflow plane in a series of direct numerical simulations are guided by 
detailed laser Doppler velocimetry measurements upstream of the stenosis. 
Comparisons of the velocity statistics was done and found that there is a borderline 




GOVERNING EQUATIONS AND NUMERICAL 
METHODS 
3.1. Physical Solution Domain and Governing Equations 
The physical solution domain and computational solution domain of flow through a 
typical constricted tube adopted in the present study are shown in Figure 3.1. The 
continuity and Navier-Stokes equations in two-dimensional cylindrical co-ordinates (r, 
z) for incompressible and Newtonian flow can be written in differential conservation 
form based on primitive variables as follows. 
Continuity equation: 
 ( )1 0z rv rv
z r r
∂ ∂+ =∂ ∂ ; (3.1) 




( ) ( )1 1 1r r z r r r rv v v rv v v v v pr
t z r r z r r r r r
μ
ρ ρ
⎡ ⎤∂ ∂ ∂ ∂ ∂∂ ∂⎛ ⎞+ + = + − −⎜ ⎟⎢ ⎥∂ ∂ ∂ ∂ ∂ ∂ ∂⎝ ⎠⎣ ⎦
; (3.2) 




( ) ( )1 1 1z z z r z z zv v v rv v v v pr
t z r r z r r r z
μ
ρ ρ
⎡ ⎤∂ ∂ ∂ ∂ ∂∂ ∂⎛ ⎞+ + = + −⎜ ⎟⎢ ⎥∂ ∂ ∂ ∂ ∂ ∂ ∂⎝ ⎠⎣ ⎦
, (3.3) 
where r and z are the physical co-ordinates with the z-axis located along the axis of 
symmetry of the tube. The velocity was defined by vr, the radial components, and vz, 
the axial components, respectively with the assumption that no secondary or swirling 
flows were allowed. The pressure, density and dynamic viscosity are denoted by p, ρ 
and μ respectively.  
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In the present study of the unsteady pulsatile flow, the spatial co-ordinates can 
be normalized by the radius of tube at the inlet a0, velocities by the time mean cross 
sectional average velocity at the inlet v0 and time by the time period of the pulsatile 
flow t0 respectively. The dimensionless variables are then 
 2
0 0 0 0 0 0
* , * , * , * , * , *r zr z
v vr z t pr z v v t p
a a v v t vρ= = = = = = .
 (3.4) 
If the fluid properties are constant, the dimensionless continuity and Navier-
Stokes equations become (omitting the asterisk (*) for simplicity), 
 ( )1 0z rv rv
z r r




( ) ( )1 1 1St
Re
r r z r r r rv v v rv v v v v pr
t z r r z r r r r r





( ) ( )1 1 1St
Re
z z z r z z zv v v rv v v v pr
t z r r z r r r z
⎡ ⎤∂ ∂ ∂ ∂ ∂∂ ∂⎛ ⎞+ + = + −⎜ ⎟⎢ ⎥∂ ∂ ∂ ∂ ∂ ∂ ∂⎝ ⎠⎣ ⎦
; (3.7) 
The following dimensionless numbers appear in the equations: 






= ,  (3.9) 
which are the Reynolds number and the Strouhal number, respectively. The 
Womersley number is an indication of the main frequency of the pulsatile flow. It is 
related to Reynolds number and Strouhal number and defined as 
 Wo 2 Re Stπ= ⋅ ⋅ . (3.10) 
For steady flow, the spatial co-ordinates can be normalized by the radius of 
tube at the inlet a0 and velocities by the cross sectional average velocity at the inlet v0 
respectively. The dimensionless variables are then 
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0 0 0 0 0
* , * , * , * , *r zr z
v vr z pr z v v p
a a v v vρ= = = = = . (3.11) 
The dimensionless continuity and Navier-Stokes equations become (omitting the 
asterisk (*) for simplicity), 
 ( )1 0z rv rv
z r r




( ) ( )1 1 1
Re
r z r r r rv v rv v v v v pr
z r r z r r r r r





( ) ( )1 1 1
Re
z z r z z zv v rv v v v pr
z r r z r r r z
⎡ ⎤∂ ∂ ∂ ∂∂ ∂⎛ ⎞+ = + −⎜ ⎟⎢ ⎥∂ ∂ ∂ ∂ ∂ ∂⎝ ⎠⎣ ⎦
; (3.14) 
 
3.2. Geometrical Model 
The present study deals with steady and physiological pulsatile laminar flow through 
single and series stenoses. The geometrical configuration of the circular tube with 
stenoses with its coordinate system is shown in Figure 3.1.  
3.2.1. Circular Tube with Single Constriction 
As shown in Figure 3.1 (b), L is the length of the tube under consideration, a0 
is the diameter of the tube having a constant cross section, C is the dimensionless 
constriction to diameter ratio, lc is the distance of the stenosis from inlet plane, l0 is 
the dimensionless length of the most constricted section of the stenosis; and ls is the 
dimensionless length of the constriction. 
The geometry of the stenosis may be described by the following bell-shaped 
symmetric cosine curve distribution profile: 
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( ) 1 1 cos 2      ;0
2 2




z l lCR z z l z L
l
R z z L
π⎡ ⎤⎛ ⎞−= − + − ≤ ≤ ≤⎢ ⎥⎜ ⎟⎝ ⎠⎣ ⎦
= ≤ ≤
. (3.15) 
This model had been widely used in many numerical investigations, such as Young 
and Tsai (1973), Deshpande et al. (1976), Fukushima et al. (1982), Siegel et al. (1994), 
Zendehbudi and Moayeri (1999), Pralhad and Schultz (2004), etc. 
 For non-symmetric cosine curve stenosis, the geometry of the constriction is 
described by 
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z lCR z l z l l
l
R z z L
π
π
⎡ ⎤⎛ ⎞−= − + − ≤ ≤⎢ ⎥⎜ ⎟⎝ ⎠⎣ ⎦
⎡ ⎤⎛ ⎞−= − + ≤ ≤ +⎢ ⎥⎜ ⎟⎝ ⎠⎣ ⎦
= ≤ ≤
 (3.16) 
where lu and ld are the upstream and downstream axial length of the stenotic wall. 
When lu and ld are of the same length, the constriction becomes a symmetric one. 
3.2.2. Circular Tube with Double Constrictions 
As shown in Figure 3.1 (c), L is the length of the tube under consideration, a0 
is the diameter of the tube having a constant cross section, C1 and C2 are the 
dimensionless constriction to diameter ratio for the upstream constriction and 
downstream constriction respectively, lc1 and lc2 are the distance from the center of the 
stenoses to the inlet and ls1 and ls2 are the dimensionless length of the constriction. 
The space between the stenoses is then defined by S=lc2-lc1. 
The geometry of the stenosis may be described by the following bell-shaped 
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π
⎡ ⎤⎛ ⎞−= − + − ≤ ≤ ≤⎢ ⎥⎜ ⎟⎝ ⎠⎣ ⎦
⎡ ⎤⎛ ⎞−= − + − ≤ ≤ ≤⎢ ⎥⎜ ⎟⎝ ⎠⎣ ⎦
= ≤ ≤
. (3.17) 
3.3. Modified SIMPLE Method 
A great number of numerical methods have been proposed to solve the Navier-Stokes 
governing equations of two-dimensional incompressible laminar flow. The finite-
volume method is based on a staggered grid system in which the velocity and pressure 
components are located at different mesh nodes and the hybrid scheme is introduced 
for the convective terms. The use of staggered grid avoids the space oscillation of 
convergent results and enables the difference schemes for continuity equation and 
pressure terms to have second-order accuracy when a tri-diagonal matrix algorithm 
(TDMA) is used.  
However, the staggered grid arrangement for Cartesian grids is applicable to 
non-orthogonal grids only if the grid-oriented velocity components are employed. In 
order to calculate mass fluxes through the control volume (CV) faces, one has to use 
interpolated velocities from the surrounding cell faces, which makes the derivation of 
the pressure-correction equation rather complicated and does not ensure the proper 
coupling of velocity and pressure. 
Reggi and Camarero (1986) suggested a non-staggered grid system to 
overcome the shortcomings of the staggered grid arrangement. The modification to 
improve the performance of the grid system was based on setting the pressure and the 
velocity at the centre of the computational cell. All the values at cell faces were 
obtained by forward and backward differences. Applying the ‘delta’ approach 
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proposed by Beam and Warming (1978), the time dependent equations were 
discretized in time by a two-level implicit Euler scheme and linearized. The solution 
to the discretized Navier-Stokes equations with second order accuracy was obtained at 
convergence. However, the overlapping of mesh was quite complicated for their 
method and the main flow direction did not exist in flow recirculation regions. 
Napolitano and Walters (1986) presented an incremental Block-Line Gauss-Seidal 
method to solve the two-dimensional vorticity stream-function Navier-Stokes 
equations. With the non-staggered grid approach, a second order accuracy was 
obtained with the deferred correction formula proposed by Khosla and Rubin (1974). 
For this non-orthogonal, non-staggered grid arrangement, namely the collocated grid 
arrangement, although it requires more interpolation, the mass flux through any CV 
face can be calculated by interpolating the velocities at two nodes on either side of the 
face. 
In the present study, a modified SIMPLE strategy developed by Ferziger and 
Peric (2002) on collocated grids is used. The two integral momentum equations and a 
pressure correction equation are solved by strongly implicitly procedure, a method 
specifically designed for solving the algebraic equations discretized from partial 
differential equations proposed by Stone (1968). The gradients at the CV centre, 
which are needed for the calculation of cell face velocities, can be obtained by using 
Gauss theorem. The pressure at the cell face centre is obtained by interpolation. 
Boundary-fitted collocated non-orthogonal grids are used in the current study 
to calculate flows in complex geometries. The advantage of such grids is that they can 
be adapted to any geometry, and that optimum properties are easier to achieve than 
that of orthogonal curvilinear grids. Since the grid lines follow the boundaries, the 
boundary conditions are more easily implemented. 
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3.4. Discretization of Governing Equations 
The finite volume method is used to discretize the governing equation on a collocated 
non-orthogonal grid. The standard algorithm is used with the second order accuracy 
of the midpoint rule integral approximation, which was developed and presented 
below. 
The continuity (Equation (3.1)) and Navier-Stokes equations (Equations (3.2) 
and (3.3)) can be treated partly as scalar equations and are integrated over a finite 
number of small CVs by applying the Gauss’ divergence theorem, 
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where Ω is the closed control volume that is bounded by the surface S, n is the unit 
vector orthogonal to S pointing outward from Ω, i and j are the unit vectors along the 
z- and r- direction, respectively. In the modified SIMPLE method, convective fluxes 
are discretized by linear interpolation blended with upwind approximation and 
diffusive fluxes are discretized using central differences.  
The midpoint rule approximation of the surface and volume integrals is used. 
Only the surface ‘e’ on the east side will be considered for the calculation of mass 
fluxes (Figure 3.2), the other faces being treated in an analogous way. By assuming 
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that the CV vertices are connected by straight lines, the unit normal vector can be 
defined as 
 
( ) ( )
e e e
e z r
C ne se C se ne
S S S
r r r r z z
= +




which may also be interpreted as being an average surface vector for an arbitrarily 
curved surface connecting the two CV vertices. The surface area is 
( ) ( )2 2e e er zS S S= + .      (3.22) 
With these definitions the expression for the mass flux becomes 
 ( )( )
e
e e e e
e z r z z r r eS
m v v dS S v S vρ ρ= + ⋅ ≈ +∫ i j n . (3.23) 
The mean value of the transported variable at the CV face e is the value at the 
centre of the cell face. It is expressed in terms of the nodal values and its gradient by 
employing the central differencing scheme (CDS), which implies linear interpolation 
between nodes E and C. Let φ  be a scalar quantity representing vz, vr and p, 
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 (3.24) 
where node ie lies at the intersection of the cell face and straight lines connecting 
nodes C and E.  
A deferred correction scheme is used to approximate the convective fluxes cF  
by assuming that the mass flux is known. The convection flux is split into an 
‘implicit’ part, expressed through first-order upwind differencing (UDS), and an 
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Thus, deferred correction scheme is used to approximate the convective fluxes: 
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where β  is a blending factor. The deferred correction approach enhances the diagonal 
dominance of the coefficient matrix, which adds to the stability of the solution 
algorithm. The diffusion flux dF  involves an estimate of the gradient of zv  and rv  at 
the CV face,  
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The values and the gradient of the variable are calculated at the cell face centre 
with second order approximations by using values at auxiliary nodes C’ and E’, which 
lie at the intersection of the cell face normal n and straight lines connecting nodes C 
and N or E and NE respectively. In order to avoid extended computational molecules 
in implicit methods, the deferred correction approach is used: the implicit terms are 
based on the values at nodes C and E ignoring grid irregularity, while the difference 




( ) ( ) ( )




e e e ee e
old
e e e ee
F S S
n
S S grad n iξ
φ φ φμ μξ ξ
φμ ν φξ
⎡ ⎤∂ ∂ ∂= + −⎢ ⎥∂ ∂ ∂⎣ ⎦
∂= + ⋅ −∂
 (3.28) 
where ξ is the local coordinate along the line connecting nodes C and E and ξi  is the 
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 (3.30) 
The pressure-correction equation on non-orthogonal grids also requires 
modifications to the SIMPLE method. To calculate the mass flux, velocities at the cell 
face centres can be obtained by interpolation on collocated grids but will result in 
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+= + −∑  (3.31) 
Here the pressure difference in the w-e direction has been taken out of the source term 
Q and shown explicitly. The superscript asterisk denotes values employed in and 
resulting from the momentum equations. By evaluating ue* at the ‘e’ location, we have: 
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∑  (3.32) 
where the overbar denotes the linear interpolation. The cell face velocities are thus 
made dependent on the pressures at the two neighbouring nodes. 
Summing the fluxes through all faces of one CV will result in an algebraic 
equation which links the value of the dependent variable at the CV centre with the 
neighbouring values. Equations (3.5), (3.6) and (3.7) can then be rewritten as 
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where i=E, W, N and S and the coefficients AE, AW, AN and AS contain contributions 
from the convection and diffusion fluxes as defined by Equations (3.26) and (3.27). 
By employing the discretized continuity equation, the central coefficient AC can be 
obtained. For the solution domain as a whole there results a system of N equations 
with N unknowns, where N is the number of control volumes. The coefficient matrix 
of such a system has non-zero coefficients only on five diagonals. In the present study, 
the strongly implicit procedure (SIP), based on an incomplete LU factorization of the 
coefficient matrix, is used. 
The solution for the calculation of unsteady flows in irregular domains with 
variables ,  z rv v  and p are obtained by the modified SIMPLE strategy. The algorithm 
can be summarized as follows. 
i. The initial velocity and pressure fields are guessed. The velocity in whole 
domain is given the values at in inlet section. The pressure is set to be zero. 
ii. The z- and r- momentum equations are coupled, and then solved by Stone’s 
SIP method and under-relaxation treatment, employing the currently available 
pressure and mass fluxes. The residuals of these two equations are calculated. 
iii. New mass fluxes are calculated using the new velocity components and 
determine the mass imbalance in each CV. 
iv. The residual of the continuity equation is calculated and used to solve the 
pressure correction equation. Apply SIP until the sum of the absolute residuals 
is reduced by a factor of four. 
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v. Mass fluxes, nodal velocity components and pressure are corrected by the 
calculated pressure correction. The under-relaxation is used in updating the 
pressure field. 
vi. Return to step ii and repeat until the sum of the absolute residuals in the 
momentum and continuity equations has fallen by two orders of magnitude. 
vii. At convergence, the stream-function, the vorticity field and the wall shear 
stress are calculated from the velocity fields and pressure field. 
viii. Time is advanced by another increment ∆t and return to step ii; repeat until the 
prescribed number of time steps is completed. 
 
3.5. Boundary conditions 
3.5.1. Steady flow 
For steady flow considered in the current study, the boundary conditions for primitive 
variables ,  z rv v  and p are described as follows. 
 At the inflow boundary, the profile of the incoming flow is assumed to be 
parabolic (Poiseuillean). The pressure boundary condition is extrapolated from the 
interior. 
 21 , 0, 0z r
pv r v
z
∂= − = =∂ . (3.34) 
For internal flow at the outflow boundary, the velocities are extrapolated from 
the interior and a constant static pressure is imposed, i.e. the flow at the outlet of the 
tube is assumed to be fully developed. 
 0, 0, 0z rv v p
z z z
∂ ∂ ∂= = =∂ ∂ ∂ . (3.35) 
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 On the solid wall surface, the usual non-slip boundary condition is applied by 
setting the velocity components on the wall to be zero. The pressure at the wall is 
obtained by setting the gradient of the pressure equal to zero. 
 0, 0, 0z r
pv v
r
∂= = =∂ . (3.36) 
 Along the centreline, the axis of symmetry, axisymmetric boundary condition 
is applied for all variables. 
 0, 0, 0z r
v pv
r r
∂ ∂= = =∂ ∂ . (3.37) 
 
3.5.2. Pulsatile flow 
For pulsatile flow considered in the current study, the average inlet velocity is 
specified according to the types of pulsatile flows, described in terms of the flow rate 
Q. Different types of pulsatile flow are illustrated in Figure 3.3. 




π⎛ ⎞= ⎜ ⎟⎝ ⎠ , (3.38) 
where Q is the incoming flow rate, Qm is the mean flow rate, T is the 
dimensionless time period of the pulsation and t is the dimensionless time. This 
type of flow is the simplest form of a pulsatile flow which is often used in the 
initial studies for pulsatile blood flow and many other engineering applications, 
among which are Ahmed and Giddens (1984), Siouffi et al. (1984), Tutty (1992) 
and Tutty and Pedley (1993) etc. 
ii. Uniform steady flow with an imposed sinusoidal fluctuation. 
 1 sin 2m
tQ Q A
T
π⎡ ⎤⎛ ⎞= + ⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦  (3.39) 
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where A is the pulsation amplitude while A=0 refers to the corresponding uniform 
steady flow. Huang et al. (1995), Lee et al. (1997), Deplano and Siouffi (1999) etc. 
employed this type of inflow flow rate in their studies for pulsatile flow in a 
constricted tube. 
iii. Physiological flow. 
The physiological flow is first proposed by McDonald (1955) and Womersley 
(1955). The physiological flow is directly related to the investigation of the 
intracardiac flow, blood vessel stenosis, and heart valvular regurgitation. Many 
numerical studies had been carried out based on this type of flow such as Hale et 
al. (1955), Daly (1976), Zendehbudi and Moayeri (1999), Liao et al. (2003), etc. 
iv. Equivalent physiological pulsatile flow. 
 1 1 cos 2m
tQ Q
T
α π δ⎧ ⎫⎡ ⎤⎛ ⎞= − + +⎨ ⎬⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦⎩ ⎭ , (3.40) 
where α and δ are two constants to be determined. The equivalent pulsatile flow 
profile is hoped to have the same stroke volume as the physiological flow profile. 
After integration, the equivalent pulsatile flow can be obtained by setting α=0.858 
and δ=1.405 respectively. This type of pulsatile flow was first introduced by 
Zendehbudi and Moayeri (1999) in their study of pulsatile flows through stenosed 
arteries. It is also employed in the numerical study of Liao et al. (2003) and Li et 
al. (2004). 
v. Physiological pulsatile flow waveform. 
 [ ]0.251 0.290(cos 0.97 cos 2 0.47 cos3 0.14cos 4 )mQ Q φ φ φ φ= + + + + , (3.41) 
where φ =2πt/T-1.4142. Although sinusoidal incoming flow is commonly used in 
theoretical and experimental studies of flow in non-uniform vessels, it is no t 
realistic for the physiological case of flow in large blood vessels where there is a 
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double pulse with the velocity during systole much greater than during diastole. 
Accordingly the effect of a non-sinusoidal incoming flow is considered. This 
gives the pulse the same general form as that shown in McDonald (1974) and has 
Q=0 at t/T=0 and t/T=0.45. This type of flow was used by Tutty (1992) and Liu 
and Yamaguchi (2001) in their studies of pulsatile flow in a stenosed channel. 
 At the exit, zero gradient boundary conditions are used as follows to describe 
fully developed flow: 
 0, 0, 0z rv v p
z z z
∂ ∂ ∂= = =∂ ∂ ∂ . (3.42) 
Along the solid wall, the non-slip condition is assured, that is, all velocity components 
are equal to zero on the wall. Along the centreline, axisymmetric conditions are 





VALIDATION OF NUMERICAL METHODS 
The numerical algorithms developed in Chapter 3 are applied to some well-studied 
cases to evaluate the present numerical procedure and check the validity of the 
numerical results in this chapter. The steady flow through a cosine curved constricted 
tube and the development of sinusoidal fluctuated flow in a straight tube are 
considered to be the test cases. The computational results are compared with the 
published experimental or computational results in order to verify the accuracy of the 
current numerical method. 
 
4.1. Steady Flow through a Cosine Curve Constricted Tube 
4.1.1. Grid Refinement Study 
A grid refinement study is performed for steady flow through a cosine curve 
constricted tube with the constriction ratio 1/2 and the dimensionless constriction 
length 2. The Reynolds number is 100. Figure 4.1 shows the grid independence 
studies that are carried out for grids consisting of 20, 40 and 60 radial points. The 
number of points in the streamwise direction is correspondingly varied in order to 
avoid skewness of the elements. The axial velocity profiles on 6 surfaces, namely the 
dimensionless distance to the centre of the constriction z=0, 0.5, 1, 1.5, 2.5 and 4 are 
chosen to examine the influence of the grid. It is seen that on the two finer grids, 
corresponding to 40 and 60 radial points, almost fall on top of each other, thus a radial 
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grid size of 40 would be enough to perform the numerical calculation in the present 
study. 
4.1.2. Comparison with Deshpande et al. and Yong and Tsai 
In the present study, the geometric models M2 and M3 used by Deshpande et 
al. (1976) in their numerical investigation and by Yong and Tsai (1973) for their 
experimental study are employed. To validate the numerical method used in the 
present study, the comparisons of the current numerical results and the previous 
numerical and experimental results are compared for the Reynolds number up to 100. 
The geometric model is described in Chapter 3 (Equation 3.15). For the models taken 
into consideration, the constriction to diameter ratio is set to be 2/3, corresponding to 
89% area reduction, the dimensionless distance to the centre of the constriction from 
the inlet of the tube lc is chosen to be 16, the dimensionless length of the stenosis ls is 
set to be 8 and 4, for models M3 and M2 respectively, and the total length of the tube 
L is 40. 
 Figures 4.2 and 4.3 illustrates the comparison between the present numerical 
results and the numerical results obtained by Deshpande et al. (1976) and the 
experimental data obtained by Young and Tsai (1973) in terms of the separation and 
the reattachment points for models M2 and M3 respectively. As can be seen in Figure 
4.2 and 4.3, the agreement is rather good. The position of the separation points in the 
present study is consistent to the previous numerical and experimental results. 
However, for the reattachment points, there is a greater disagreement between the 
numerical and the experimental results. The possible explanation for the disagreement 
is that for experiments, the Reynolds number is not high enough to precisely locate 
the reattachment points. The onset of the separation was observed experimentally to 
occur at a Reynolds number of 10 by Young and Tsai (1973) for both models, but in 
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the present study and the investigation of Deshpande et al. (1976), the corresponding 
Reynolds number of onset points is lower than 10 for M3 and higher than that for M2. 
It is believed that this is adequate agreement considering the experimental difficulties 
of determining the onset at such low flow rate. 







∂Δ = − ∂∫ . (4.1) 
Figure 4.3 illustrates the comparison of dimensionless pressure drop between the 
present results and Deshpande et al. (1976). A good agreement is found in both the 
comparisons for models M2 and M3.  
4.1.3. Comparison with Ahmed and Giddens 
To further validate the present method, the computational results of the dimensionless 
axial velocity profile in a tube with a cosine curve single constriction are compared 
with the velocity measurements in a tube with a single constriction in steady state 
conditions conducted by Ahmed and Giddens (1983). They used a Laser Doppler 
Anemometer to measure the velocity profile. The geometry used in the present study 
is corresponding to the model used by them. The tube internal diameter was 2 inches 
and the spread of the constriction was twice the tube internal diameter. The fluid used 
had a kinematic viscosity ν=0.12 stokes (i.e. 1.2e-5 m2/s). The measurements were 
taken in tubes having constrictions of 25% area reduction. The final results are 
nondimensionalized and compared using the present model for a Reynolds number of 
500 at values of z equal to 0.0, 1.0, 2.5 and 4.0 downstream of the constriction where 
z is the distance measured from the centre of the constriction along the axis in the 
direction of the flow. The comparison is shown in Figure 4.4. It can be seen that the 
predictions are quite reasonable compared to the experimental measurements. 
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4.2. Development of Unsteady Flow through a Straight Tube 
To further investigate the accuracy and computational efficiency of present method, 
the numerical study of a sinusoidal fluctuated pulsatile laminar flow in a straight tube 
without stenoses is carried out. The dimensionless velocities at the inflow boundary is 
specified by 
 







π⎛ ⎞= + ⎜ ⎟⎝ ⎠
=
 (4.2) 
A blunt entrance velocity profile is used for the upstream flow varying in a sinusoidal 
way.  
Theoretically, for sinusoidal pulsatile flow, the flow is assumed to have a 
simple pulsation which is periodic in time. This condition of simple pulsation viscous 
flow superposed on the steady laminar motion in a pipe has been determined 
analytically by Uchida (1956). The pressure gradient for a simple periodic pulsation 
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π∂ ∂⎛ ⎞ ⎛ ⎞− = − =⎜ ⎟ ⎜ ⎟∂ ∂⎝ ⎠ ⎝ ⎠ . (4.4) 
x0 represents the time mean component of the pressure gradient, whereas xcn 
represents the amplitude of the fluctuating component of the pressure gradient. 
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 The velocity profile of the fully developed sinusoidal pulsatile flow is 
determined by substituting Equations (4.3) and (4.4) in the governing equation for a 
fully developed time-dependent flow. It is expressed in terms of a steady component 
and an unsteady term as 
 'su u u= + . (4.5) 
The radial component of the velocity is taken as zero at the inlet. The steady and 
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The functions ‘ber’ and ‘bei’ are a certain class of Bessel functions known as Kelvin 
functions and their generalizations are given by Watson (1966). The instantaneous 
mean velocity for the simple periodic velocity corresponding to Equation (4.3) is also 
changing periodically and can be expressed as 
 
0
1 cos(2 St- )cnm u
xu t
x


















⎛ ⎞ ⎛ ⎞= − +⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠
⎛ ⎞−⎜ ⎟⎜ ⎟= ⎜ ⎟⎜ ⎟⎝ ⎠
, (4.9) 
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are the coefficient of amplitude and the phase lag with respect to the wave of the 
pressure gradient respectively. The coefficients C and D for calculating the mean 
velocity are given by Watson (1966). 
To compare the fully developed velocity profile given by the theoretical 
solution with the results in present study, the flow field in the straight tube is 
computed for a sufficiently long time for a periodic solution, namely a solution that 
did not change measurably from one cycle to the next, to be obtained to avoid any 
chances of transient effects. The dimensionless radius and the dimensionless length of 
the tube are taken as 1 and 50 respectively. The Womersley number is taken to be 4 
and 8 and the Reynolds number is 100. Figure 4.5 shows the comparison between the 
theoretical and numerical results of the dimensionless axial velocity profile far 
downstream a straight tube without stenosis with sinusoidal inflow rate. The profile at 
four points in a cycle, t/T=0, 1/4, 1/2 and 3/4, are compared and there is an excellent 
agreement for both Wo=4 (Figure 4.5 (a)) and Wo=8 (Figure 4.5 (b)). 
 
4.3. Concluding Remarks 
In the present study, a second order finite volume method has been developed to solve 
the Navier-Stokes governing equation for steady and unsteady laminar incompressible 
flow in a curvilinear cylindrical coordinate system on a boundary-fitted non-staggered 
non-orthogonal grid. A variety of computed results for steady and unsteady laminar 
flow are presented to validate the present method. The comparisons between current 
numerical results and the experimental data and others numerical results show that the 
current numerical method is capable of efficiently simulating laminar flow in the 
arteries with good accuracy and stability. 
 36
Chapter 5 
NUMERICAL STUDY ON PULSATILE FLOW THROUGH 
A STENOSED TUBE – EFFECT OF FLOW PROPERTY 
Pulsation of blood flow is an important factor dominating the unsteady flow 
phenomena in a cardiovascular system, because it complicates the vortical flow under 
the time-varying inflow and pressure conditions. In this chapter, the influence of the 
pulsatile waveform on the vortex fluid dynamics in a stenosed tube has been studied 
by applying the numerical procedure described in Chapter 3. The incoming waveform 
physiological pulsatile flow is achieved by introducing the physiological volumetric 
flow rate as the general form given by McDonald (1974) (Equation 3.41). In the 
present study, numerical study has been carried out by varying the systolic 
acceleration-to-deceleration time ratio in a pulsation period with systolic interval 
fixed, as well as the systole-to-diastole time ratio in a pulsation period with systolic 
and diastolic waveform fixed to investigate the influence of different types of 
waveform on the flow field in a tube with single cosine curved constriction. Studies 
have also been carried out to investigate the influence of the Reynolds number 
varying from 50 to 200 and the Womersley number varying from 2 to 10 of the 
physiological incoming flow on the internal flow field in the stenosed tube. 
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5.1. Model Configuration 
5.1.1. Model Description 
In the present study, the model of an axisymmetric rigid tube with smooth cosine 
curve constriction described by Equation 3.15 in Chapter 3 is used to investigate the 
influence of the physiological pulsatile waveform. The geometric configuration of the 
tube is shown in Figure 3.1. The geometric characteristics of the current model is 
summarized that the dimensionless radius of the tube a0 is 1.0, dimensionless 
constriction to diameter ratio C is fixed to be 0.5, the dimensionless length of the 
constriction ls is fixed to be 2.0, the length of the entrance region (lc-0.5ls) is 10.0 and 
the total length L of the constricted tube is 42.0. 
5.1.2. Physiological Pulsatile Flow 
In the present study, we wish to consider the effect of a non-sinusoidal incoming flow. 
The pulsatile waveform is achieved by introducing a physiological volumetric flow 
rate (Q) as the general form given by McDonald (1974) in which as plotted in Figures 
5.1 and 5.3. It expressed by Equation 3.41: 
 [ ]0.251 0.290(cos 0.97 cos 2 0.47 cos3 0.14cos 4 )mQ Q φ φ φ φ= + + + + , (3.41) 
where φ =2πt-1.4142, t is the flow time and Qm is the dimensionless maximum flow 
rate. The expression has taken into account the systole as well as the diastole period in 
a whole cycle of the pulsatile physiological flow. Figure 5.2 and Figure 5.4 illustrates 
the dynamic characteristics of the pulsation in the form of acceleration dQ/dt. The 
acceleration curves show the dynamics of the pulsation at the inlet and would differ 
from the local fluid acceleration time course at any given location in the flow. The 
points A, B, C, D, E and F in the waveforms represent the same waveform points 
varying in time for different waveforms. The results at these points for different 
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pulsatile waveform are compared in the present study. At Point A, the acceleration of 
the inflow reaches its maximum value at which d2Q/dt2=0. At Point B, the flow rate 
reaches the peak value in the systolic phase and the acceleration of the flow rate 
becomes 0, i.e. dQ/dt=0. At Point C, d2Q/dt2=0 again in the systolic phase, but the 
acceleration of the flow rate reaches the minimum value. The acceleration of the flow 
rate reduces monotonically between the Points A and C. At Point D, where the phase 
of the inflow changes from systole to diastole, the flow rate is 0 as well as the 
acceleration of the flow rate. Point E denotes the place where the peak flow rate 
occurs in the diastole. However, the maximum flow rate in the diastole phase is much 
less than that in the systole phase. When the flow rate further advances to Point F, the 
flow rate becomes 0 again and another period of the pulsation begins. As can be seen 
in the dynamic characteristics Figures, the acceleration of the systolic phase shows 
greater changes than that of the diastolic phase and thus may have greater influence 
on the flow pattern in the stenosed tube. The Reynolds number, the Strouhal number 


















where v0 corresponds to the peak flow rate per unit area of the tube. 
The dimensionless acceleration time period and the deceleration time period in 
the systole interval are defined by tacc, determined at the peak of the flow rate curve, 
and tdec, defined from the peak of the flow rate to the end of the systole phase, 
respectively. A parameter η=tacc/tdec, which denotes the systolic acceleration-to-
deceleration time ratio, is introduce to vary the systolic waveform while the systolic 
waveform (tacc+tdec) and diastolic waveform are fixed. The parameter η varies form 
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0.5, 1.0 to 2.0 and the modified waveform is illustrated in Figure 5.1. The systolic 
waveform my be therefore defined by introducing a phase like term ψ into Equation 
3.41 such that 
 2 1.4142tφ π ψ= − + , (5.2) 
where t is the dimensionless physical time and ψ during systole phase is derived by 
the following relationship as 
 
02 1.4142 0,  when ( ) 1.0 at Point B;
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 (5.3) 
A linear relationship between ψ and ψ0 is introduced to make the systolic pulse vanish 
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 The dimensionless time period of the systolic phase and the diastolic phase are 
expressed as tsys and tdias respectively. A parameter ξ=tsys/tdias denotes the systole-to-
diastole time ratio is defined and the term tsys is given by tsys= ξ /(1+ ξ). The parameter 
ξ ranging from 0.5 to 2.0 are considered in the present study. Variation of in the 
systole-to-diastole time ratio with systolic and diastolic waveform fixed is realized 
and shown in Figure 5.3. Consider a time tsys0, which is introduced to derive the flow 
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5.2. Results and Discussion 
5.2.1. Waveform Pulsatile Flow in a Constricted Tube 
The pulsating waveform of the systolic and diastolic blood flow described by the 
original equation proposed by McDonald (1974) (Equation 3.41) without any 
modifications is taken as the “basic case” for a number of comparisons. The Reynolds 
number is fixed to be 100 and the Womersley number is fixed 6 in the basic case. 
Extensive benchmark tests about influences of time-step and grid-refinement on the 
results showed that a grid system with a uniform grid of 41 and 252 nodes along 
radial and axial directions respectively and the time-step in each cycle of 200 can 
provide sufficient accuracy of the solution. The convergence criterion is that the 
residual of the continuity becomes less than 10-3. A fully developed laminar entrance 
flow in an axisymmetric tube described in Chapter 3 is employed as the inflow 
condition. A laminar inflow condition is appropriate for the Reynolds number and the 
Womersley number in the current study. The downstream outlet boundary conditions 
are specified with fully developed outflow. The non-slip boundary condition on the 
rigid wall and the axisymmetric condition along the axis of symmetry are employed 
respectively. All results are obtained after ten cycles of pulsation for a periodic 
solution to avoid any chances of transient effects. 
 The time-dependent instantaneous streamlines in a full systole-to-diastole 
cycle are shown in Figure 5.5. The flow pattern shows great variation at Points A, B, 
C, D, E and F through the cycle. At Point A, the point of inflection, where the 
acceleration of the flow rate reaches its peak value, the instantaneous streamline runs 
smoothly through the arterial stenosis. No obvious separation is found in the post-
constriction area. Then the inlet flow rate acceleration decreases monotonically until 
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Point C. When the flow rate Q reaches the maximum value Qm in the circle of the 
pulsation, at Point B, a primary vortex nestled in the concavity of the tube and the 
reattachment points are located near the inflexion point of the tube wall geometry. 
Then the vortex develops rapidly downstream while there is a larger recirculation 
region distal to the constriction at Point C. The recirculation region occupies about 3/4 
of the tube area behind the stenosis. Now the dynamics of flow rate has the minimum 
value. At Point D, where the flow has zero flux, i.e., at the end of the systolic interval, 
the recirculation flow downstream the constriction continues to grow in size. It 
occupies most of the downstream tube volume and the separation is also found even 
upstream the stenosis. At Point E, where the incoming flow rate reached the peak 
value in the diastole interval, another smaller vortex occurs behind the stenosis. The 
remnants of the vortices generated in the systolic interval moves further downstream 
and begin to weaken. When the flow advances to the other zero flux point, Point F, 
the secondary recirculation region grows in size with time and the separation again 
appears upstream the constriction. Although the axial length of the secondary vortex 
observed in the diastolic phase is not as long as the primary one generated in the 
systolic phase, it occupies nearly all the tube area behind the stenosis. By the end of 
one systole and diastole cycle, the vortices disappear and another cycle starts. 
 To investigate the relationship between the vortex and the pressure gradient, 
the corresponding pressure distributions on the rigid tube wall in a full systole and 
diastole cycle are drawn in Figures 5.6 (a) and (b). The pressure is normalized as zero 
at the entrance of the tube, the upstream limit for the calculations. Overall, a global 
pressure gradient is observed throughout the constricted tube corresponds with the 
acceleration of the incoming flow rate. Obviously, there is an apparent lag in phase 
between the inflow and the pressure. A local pressure gradient is also detected 
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downstream the constriction because of the existence of the arterial stenosis and the 
vortices induced by it. The local pressure gradient corresponds with the individual 
vortices and superposes over the global pressure gradient. At Point A, the early 
systole, even though the vortices are not apparently observed in the instantaneous 
streamline, the local pressure gradient already occurs immediately downstream the 
stenosis. When the flow advances to Point B, the peak flow rate point, the pressure 
gradient spreads in length and grows in quantity. A rapid jump of the pressure is seen 
near the stenosis because a greater pressure gradient is required to accelerate the flow. 
The pressure then reverses resulting in an adverse, local pressure gradient before the 
peak of the flow rate. At Point C, during the deceleration of the flow rate, a sharp drop 
of the pressure appears upstream the stenosis. The global pressure gradient is 
observed to be reversed. Meanwhile, the local pressure gradient becomes steeper and 
varies correspond with the vortex. Then the pressure gradient reduces gradually with 
the deceleration of the incoming flow rate to Point D. During the systolic interval, the 
pressure distribution at the portion of the stenosis varies remarkably. At the diastole, 
the break-down vortices generated during the systole decay quickly and eventually are 
almost destroyed at Point E. Correspondingly, the global pressure gradient reduces to 
a relatively low level and again becomes dominant, but is reversed. By the end of 
diastole, at Point F, the local pressure gradient appears even ahead of the early systole 
acceleration interval. In the entire cycle, it is interesting to find that the adverse, local 
pressure gradient apparently dominant in certain periods. It well corresponds to the 
vortices generated in the tube. 
 The flow behaviour can be shown more clearly by presenting the wall vorticity 
in the stenosed vessel. The distribution of the tube wall vorticity is plotted in Figures 
5.7 (a) and (b). The most extreme value downstream the constriction is observed at 
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Point C, where the flow rate in the systole interval decelerates. The peak value 
corresponds to the generation of the primary vortex and soon decreases with the 
advance of the flow. It moves more downstream with the advance of the flow, until 
the next systole-to-diastole cycle begins at Point F. It can be seen that the wall 
vorticity upstream the stenosis is dominated mainly by the flow rate while 
downstream is mostly affected by the occurrence of the vortices characterized by the 
waveform of the pulsation. As a matter of fact, the wall downstream the stenosis is 
subject to an impulse of every large wall vorticity during the early systole but then to 
a fluctuating shear stress which takes quite low positive and negative values from the 
mid-systole interval throughout the diastole interval. 
5.2.2. The Effects of Systole Acceleration-to-Deceleration 
Time Ratio 
It is expected that the difference in the systolic acceleration-to-deceleration time ratio 
η=tacc/tdec, with the systolic and diastolic interval fixed (tacc+tdec=const) might have a 
great influence on the flow field in the constricted tube. The generation and 
development of the vortex may be affected significantly especially at systole, for 
remarkable variation of pressure gradient is observed near the stenosis. In the present 
study, the systolic acceleration-to-deceleration time ratio η varying form 0.5, 1.0 to 
2.0 is considered with the maximum flow rate fixed. The Reynolds number taken into 
account is 100 and the Womersley number is set to be 6. Meanwhile, the geometry of 
the blood vessel is also fixed with a cosine curve stenosis. The incoming flow rate and 
the acceleration of the flow rate in this study are shown in Figures 5.1 and 5.2 
respectively. 
 The flow patterns for η=0.5 and 2.0 are plotted in Figures 5.8 and 5.9 
respectively in the form of instantaneous streamline at six points in a single cycle of 
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the waveform. Comparing the streamline contours in Figures 5.5, 5.8 and 5.9, at Point 
A, for η=0.5, the streamlines run smoothly through the stenosis and it doesn’t show 
much difference in shape with the streamlines for η=1.0, the basic case. However, for 
η=2.0, a small vortex is found nestled in the concavity of the constriction compared to 
the cases for η=0.5 and 1.0. At Point B, significant difference in instantaneous 
streamlines is observed at the peak flow rate for the three cases, which implies that 
there is a remarkable variation in the flow field over the peak flow rate. The induced 
vortex downstream the constriction is found larger in size with for bigger η. It is 
evident that the development of the primary vortex may show great sensitivity to the 
waveform even at the early systole. When the value of η decreases, the flow pattern at 
the early systole is more likely to approach that of an impulsively started flow. Past 
the peak flux, the flow rate decelerates and the attached vortex continues to grow in 
size at Point C. As is shown in the streamlines, the vortices as well as the secondary 
disturbance become similar to each other for different systolic acceleration-to-
deceleration time ratio. Only slight difference in value and phase is found. When the 
flow reaches the zero flux Point D, the remnants of the detached vortices occupy most 
of the constricted flow area both upstream and downstream the constriction for the 
three cases. The flow patterns are almost the same through peak flow rate in diastole 
interval until the end of the diastole period for η=0.5, 1.0 and 2.0. 
 As more significant discrepancy is found in the instantaneous streamlines at 
Points B, C and D, the dimensionless pressure distributions on the tube wall at these 
three points are compared as illustrated in Figure 5.10. At Point B, it is obvious that 
the waveform with smaller systole-to-diastole time ratio η tends to result in a bigger 
pressure drop at the stenosis. It is also apparent that a smaller η leads to a quicker 
recovery of the pressure and greater pressure gradient downstream the stenosis. A 
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great adverse pressure gradient is observed for all the cases, which may enhance the 
instability of the flow. As η decreases, the adverse local pressure gradient downstream 
the stenosis tends to be dominated by the separation. At Point C, during the 
deceleration of the flow, an adverse global pressure is seen and the pressure gradient 
as well as the pressure drop in the neighbourhood of the stenosis becomes smaller for 
the three cases. Comparing the pressure distribution, the waveform with greater flow 
rate acceleration (corresponding to smaller η) at early systole shows smaller 
deceleration at mid-late systole, but the adverse pressure gradient is slightly higher. 
As the incoming flow rate reaches zero flux at Point D, The global pressure becomes 
even smaller and there is no apparent sharp drop of pressure in the stenosis region. As 
the recirculation flow downstream the constriction continues to move downstream and 
grow in size, a pressure drop downstream is observed. It is seen that with the increase 
of the acceleraion-to-deceleration time ratio, the pressure drop downstream is likely to 
increase in quantity and the pressure drop and recovery region tends to move 
upstream, corresponding with the development of the vortex. It can be concluded that 
development of the vortex in the systole interval results in a considerable variation in 
the pressure gradient. 
 The instantaneous wall vorticity distributions in the stenosed tube are also 
plotted at Points B, C and D for comparison in Figure 5.11. As illustrated in the 
figures, the wall vorticity distribution shows significant dependence on the variation 
of the systolic waveform. At Point B, although the maximum incoming flow rates for 
the three cases are constant, the wall vorticity distributions are different. In the 
stenosed region, there is only a slight difference in the magnitude and shape of the 
wall vorticity curve. However, downstream the stenosis, the development of the 
vortices becomes the major factor that influences the wall vorticity distribution. It is 
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obvious that the increase of the acceleration-to-deceleration time ratio tends to have a 
more downstream wall vorticity variation, with regards to the position of the vortices 
from the contours of instantaneous streamlines. The phenomenon is quite the same at 
Points C and D. For Point C, the vortices are well-developed while moving 
downstream and hence have the maximum wall vorticity value in the cycle. When the 
flow advances to Point D, the end of diastole, there is only a slight difference in the 
strength of the vortices. 
 It can be concluded that the variation of the systole acceleration-to-
deceleration time ratio will greatly influence the flow pattern and the vortices. A 
relatively bigger systole-to-diastole time ratio η may result in a longer vortex at the 
peak flow rate, Point B, thus influences the pressure drop and recovery region with 
respect to the flow pattern. The dimensionless pressure drop at the wall tends to 
increase in the systolic period with the increase of η. The maximum values of the wall 
vorticity distributions are slightly different for the three cases. However, the positions 
where the maximum values occur are dominated by the development of the vortices, 
being more upstream for a bigger systole-to-diastole time ratio. 
5.2.3. The Effects of Systole-to-Diastole Time Ratio 
In order to investigate the effects of systole-to-diastole time ratio, ξ=tsys/tdias, of the 
waveform on the vortical flow dynamics, a time independence study is carried out for 
three different waveforms, namely ξ=0.5, 1.0 and 2.0, with the period of the 
physiological incoming flow rate fixed (tsys+tdias=const) and the systolic acceleration-
to-deceleration time ratio η=tacc/tdec=1.0. The  As the parameters used in the 
investigation of the effects of systolic acceleration-to-deceleration time ratio on the 
flow field, in this study, the Reynolds number and the Womersley number are fixed to 
be 100 and 6 respectively. The maximum incoming flow rate is the same for different 
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values of ξ. The incoming flow rate and the dynamic characteristics of the pulsation in 
this study are shown in Figures 5.3 and 5.4 respectively. 
Figure 5.12 illustrates the instantaneous streamlines to the systole-to-diastole 
time ratio ξ=0.5 at Points A, B, C, D, E and F in a systole and diastole cycle, while 
Figure 5.13 shows the instantaneous streamlines at the same point but for ξ=2.0. With 
respect to Figures 5.5, 5.12 and 5.13, at Point A, for the cases ξ=0.5 and 1.0, the 
instantaneous streamlines run smoothly through the stenosis and no apparent vortex is 
seen in the neighbourhood of the constriction. However, for ξ=2.0, a small vortex is 
seen beginning to form in the concavity of the stenosis. At Point B, remarkable 
discrepancy in the streamline is found for different ξ. For a bigger ξ, the reattachment 
point of the vortex is observed more downstream the stenosis and the vortex becomes 
longer streamwise in size. Although the volumetric flow peak for the three cases is the 
same, the acceleration of the flow rate seems to have a significant influence on the 
instantaneous flow pattern. At Point C, when the flow rate decelerates, the induced 
vortices continue to grow in size and length and develop downstream the constriction, 
being faster for a relatively bigger ξ and slower for a smaller ξ. As the vortices 
downstream the stenoses continue to develop at Point D, where the instantaneous flow 
rate is zero, they detached at the stenoses and occupy both sides upstream and 
downstream the stenoses. The centres of the vortices are seen more upstream and 
downstream for a lager value of ξ. With the increase of the systole-to-diastole time 
ratio ξ, the interval of the diastolic phase becomes shorter, thus the flow pattern is 
obviously different from the previous cases that fix the interval of the diastole. 
Opposite to the systole interval, in the diastole interval, at Point E, the secondary 
vortex is induced at the concavity downstream the stenosis, but the size is in reverse 
proportion to the time ratio ξ. Hence, at Point F, the end of the cycle where the 
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flowrate reaches zero flux again, the detached vortices on both sides of the stenosis 
appear to develop faster for a smaller ξ. 
  Like the comparison made in the previous section, the dimensionless pressure 
distributions on the wall of the tube are plotted and compared at Points B, D and E, 
corresponding to the two volumetric flow peaks and the zero flux point. The 
comparison is show in Figures 5.14 (a), (b) and (c). It can be observed at Point B that 
for smaller systole-to-diastole time ratio ξ, i.e. a shorter systolic period, there is a 
steeper pressure drop downstream the stenosis, although at the stenosis, there is only a 
slight difference in the pressure drop. It is also seen that the recovery region of the 
pressure is likely to move upstream the tube, corresponding with the position of the 
induced vortex, with the decrease of the value of ξ. Overall, it is found that a smaller 
systole-to-diastole time ratio produces higher global pressure gradient than a bigger 
one. At the end of the systolic interval, Point D, the incoming flow reaches zero flux 
and a reversed global pressure gradient is found, which implies that there is a globally 
reversed flow. The overall pressure gradient is much smaller than that observed at 
Point B. At the stenosis, there is no apparent pressure drop at the stenosis for the three 
cases, but for a smaller ξ, there is a slightly bigger value of the pressure. A greater 
difference in pressure gradient is found downstream the constriction with respect to 
the position of the developing vortex. A steeper pressure drop is seen for a shorter 
systolic interval. The position of the pressure peak is more up stream for a smaller ξ 
than for a bigger ξ. The position difference of the pressure peak for the three cases at 
Point D is lager than that at Point B. It can be inferred that the development of the 
downstream vortices are faster for a wider systolic interval. At Point E, the end of the 
systole-to-diastole period, the difference in the pressure drop is even slighter for the 
three cases, although a small discrepancy is also found that a lager ξ tends to produce 
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a greater global pressure gradient. It seems possible that the time ratio of the systole 
interval is the main factor that influences the development of the induced vortices and 
the pressure gradient other than that of the diastole interval. 
 Figure 5.15 illustrates the comparison of the instantaneous wall vorticity 
distributions in the stenosed tube for different systole-to-diastole time ratio at Points B, 
D and E respectively. As can be seen in the figures, the wall vorticity distribution 
shows significant dependence on the variation of the systole-to-diastole waveform. At 
Point B (Figure 5.15 (a)), although the maximum incoming flow rates for the three 
cases are constant, the wall vorticity distributions are different. In the stenosed region, 
there is only a slight difference in the magnitude and shape of the wall vorticity curve, 
for the Reynolds number remains the same for the three cases and the wall vorticity 
variation in this region is dominated by the shape of the stenosis. However, 
downstream the stenosis, the development of the vortices becomes the major factor 
that influences the wall vorticity distribution. It is evident that the increase of the 
systole-to-diastole time ratio tends to have a more downstream wall vorticity variation, 
with regards to the position of the vortices from the contours of instantaneous 
streamlines. The peak value of the wall vorticity is also constantly higher for a shorter 
period of systole. At Point D, the peak values of the wall vorticity along the tube wall 
are decreased for the three cases compared to the instantaneous wall vorticity 
distribution at Point B. The wall vorticity near the stenosis does not show an apparent 
variation for the three ξs. As can be seen in Figure 5.15 (b), as the vortices move 
further downstream the constriction, the peak wall vorticity is consistently higher and 
the position where the peak wall vorticity occurs more upstream the tube, 
corresponding to a smaller systole-to-diastole time ratio. At Point E (Figure 5.15 (c)), 
the volumetric flow peak in the diastolic phase, there is very little difference in wall 
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vorticity distribution for different systole-to-diastole time ratio, both in value and in 
position of the peak wall vorticity. It verifies the deduction drawn in the comparison 
of instantaneous pressure distribution that the time ratio of the systole interval is the 
main factor that influences the development of the induced vortices and the pressure 
gradient other than that of the diastole interval. 
It can be concluded that with the Reynolds number and the Womersley 
number fixed, the variation of the systole-to-diastole time ratio has a significant 
impact on the pulsatile flow behaviour in the constricted tube. With the decrease of 
the time ratio ξ, we see a shorter but somewhat more vigorous vortex downstream the 
stenosis in the systolic phase and hence exhibits a greater pressure drop and peak wall 
vorticity. Besides, the length of the vortices is significantly increased with the 
increasing systole-to-diastole time ratio. It is seen that in the systolic phase, the length 
of the vortex and the strength of both the primary vortex and secondary disturbance 
are proportional to the value of ξ. However, it is also observed that there is barely 
distinguishable influence on the region without the separated flow vortices as well as 
upstream the stenosis. The variation of the diastolic interval does not put a 
considerable impact on the flow behaviour in the diastolic phase. 
5.2.4. The Effects of the Reynolds Number 
It is well-known that the Reynolds number has a great influence on the flow patterns 
for both steady and unsteady cases. In order to investigate the effects of the Reynolds 
number of the waveform on the vortical flow dynamics, a time independence study is 
carried out for three different waveform Reynolds numbers, namely Re=50, 100 and 
200, with the period of the physiological incoming flow rate fixed (tsys+tdias=const), 
the systolic acceleration-to-deceleration time ratio η=tacc/tdec=1.0 and systole-to-
diastole time ratio ξ =1.0. In this study, the Womersley number is fixed to be 6. The 
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maximum incoming flow rate as well as the velocity of the inflow change with the 
variation of the Reynolds number. 
Figure 5.16 illustrates the instantaneous streamlines in the constricted tube for 
Re=50 at Points A, B, C, D, E and F in a systole and diastole cycle, while Figure 5.17 
shows the instantaneous streamlines at the same points but for Re=200. With respect 
to Figures 5.5, 5.16 and 5.17, at Point A, for the cases Re=50 and 100, the 
instantaneous streamlines run smoothly through the stenosis and no apparent vortex is 
seen in the neighbourhood of the constriction. However, for Re=200, a small vortex is 
seen beginning to form in the concavity of the stenosis. At Point B, remarkable 
discrepancy in the streamline is found for different Reynolds numbers. For all the 
three Reynolds numbers, a vortex is found downstream the stenosis and for a bigger 
Re, the reattachment point of the vortex is observed more downstream the stenosis 
and the vortex becomes longer streamwise in size. With different volumetric flow 
peak, the flow rate seems to have a significant influence on the instantaneous flow 
pattern. At Point C, when the flow rate decelerates, the induced vortices continue to 
grow in size and length and develop downstream the constriction, being faster for a 
relatively bigger Re and slower for a smaller Re. For Reynolds number 200, an 
obvious discrepancy is found upstream the stenosis. It is seen that as the flow rate 
decelerate, a vortex upstream the stenosis begins to appear near the tube wall, which 
is not the case for Re=50 and 100. As the vortices downstream the stenoses continue 
to develop at Point D, where the instantaneous flow rate is zero, they detached at the 
stenosis and occupy both sides upstream and downstream the stenoses. The vortices 
are observed developing faster upstream and downstream for a bigger value of Re. 
With the increase of the Reynolds number, the maximum flow rate in the diastolic 
interval also increases. At the peak flow rate Point E, the secondary vortex is induced 
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at the concavity downstream the stenosis for Re=100 and 200, and the size is 
proportional to the Reynolds number. However, for Re=50, the secondary vortex is 
not yet induced at Point E, as can be seen in the instantaneous streamline. Hence, at 
Point F, the end of the cycle where the flowrate reaches zero flux again, the flow 
patterns for the three cases are similar in structure. The detached vortices appear on 
both sides of the stenosis and the secondary vortex tends to grow and move faster 
downstream for a bigger Reynolds number. 
  The dimensionless pressure distributions on the wall of the tube are plotted 
and compared at Points B, C and D, corresponding to the two volumetric flow peaks 
and maximum deceleration point of the flow rate in the systolic phase. The 
comparison is shown in Figures 5.18 (a), (b) and (c). It can be observed at Point B that 
as the Reynolds number increases, there is a dramatic increase of the global pressure 
drop along the tube wall. A much greater local pressure gradient is also found for a 
bigger Re both at the stenosis and at the location corresponding to the votex. The peak 
value of the pressure drop for Re=200 is about 4 times greater than the peak value for 
Re=100. It is also seen that the recovery region of the pressure is likely to move 
downstream the tube, corresponding with the position of the induced vortex, with the 
increase of the Reynolds number. At Point C, during the deceleration of the flow, the 
adverse global pressure gradient is seen of a very much greater value for a bigger Re, 
representing a much bigger deceleration. It also applies to the local pressure gradient. 
The pressure gradient at the stenosis as well as the location of the vortex increases 
monotonically with the increase of the Reynolds number. As the incoming flow rate 
reaches zero flux at Point D, The global pressure becomes even smaller and there is 
no apparent sharp drop of pressure in the stenosis region. But for a bigger Reynolds 
number, the adverse pressure gradient is slightly bigger. As the recirculation flow 
 53
downstream the constriction continues to move downstream and grow in size, an 
apparent increase in pressure drop downstream is observed for a bigger Reynolds 
number, corresponding with the development of the vortex. 
 The instantaneous wall vorticity distributions in the stenosed tube are also 
plotted at Points B, C and D for comparison in Figure 5.19. As illustrated in the 
figures, the wall vorticity distribution shows significant dependence on the variation 
of the Reynolds number. At Point B, in the stenosed region and downstream the 
stenosis, an apparent increase of the wall vorticity is found with the increase of the 
Reynolds number. The peak wall vorticity contributed by the geometry of the tube 
wall and the induced vortex have a tendency to rise monotonically with the Reynolds 
number. The peak value of the wall vorticity for Re=200 is about 2.5 times the peak 
value for Re=100 and 7 times the peak value for Re=50. The case is quit the same at 
Points C. When the flow advances to Point D, the end of systole, there is only a slight 
difference at the stenosis, for the instantaneous flow rate equals to zero. However, the 
developed vortex downstream the stenosis contributes to the wall vorticity distribution, 
whose maximum value is constantly higher for a bigger Reynolds number. 
 It can be concluded that the variation of the Reynolds number will greatly 
influence the flow pattern and the vortices. With the increase of the Reynolds number, 
both the primary vortex induced by the stenosis and the secondary vortex tend to 
develop faster. The length and the strength of vortices increase monotonically as the 
Reynolds number increases. The global as well as the local pressure gradient is 
significantly related to the Reynolds number and will increase dramatically with the 
increase of the Reynolds number. The positions where the maximum wall vorticity 
occur are dominated by the development of the vortices, being more downstream and 
lager for a bigger Reynolds number. 
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5.2.5. The Effects of the Womersley Number 
It is apparent that the frequency of the physiological pulsation has a great impact on 
the unsteady flow field in the stenosed tube. To illustrate the influence of the 
frequency of the pulsation, different Womersley numbers are taken into account for 
investigation without varying the Reynolds number. Womersley numbers 2, 6 and 10, 
within the range observed in the human arterial system, are considered in the present 
study and the Reynolds number is fixed to be 100. The systolic acceleration-to-
deceleration time ratio and the systole-to-diastole time ratio are both set to be 1.0. 
The instantaneous streamlines in the stenosed tube for Womersley numbers 2 
and 10 are illustrated at Points A, B, C, D, E and F in Figures 5.20 and 5.21 
respectively. Comparing Figures 5.5, 5.20 and 5.21 at Point A, for Womersley 
numbers 6 and 10, the instantaneous streamlines run smoothly through the stenosis 
and no apparent vortex is seen in the neighbourhood of the constriction. However, for 
Womersley number Wo=2, a vortex is already generated in the concavity of the 
stenosis, which resembles to the streamlines in the tube for a steady case but with a 
shorter vortex and a more upstream reattachment point. At Point B, the peak 
volumetric flow rate, although the vortices for different Womersley numbers grow in 
size and length, it is seen that they are dependent on the Womersley number and 
increase dramatically in length with the decrease of the Womersley number. At Point 
C, when the flow rate decelerates, the induced vortices continue to grow in size and 
length and develop downstream the constriction, being faster for a relatively bigger 
Wo. The case also applies to the vortex downstream the constriction at Point D, where 
the instantaneous flow rate is zero. However, for the vortex upstream the stenosis, the 
center of detached vortex locates nearer to the stenosis for a smaller Wo. At Point E, 
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during the peak flux in the diastole, obvious discrepancies are found for different 
Womersley numbers. For Womersley number 2 and 6, the detached votices reattached 
and a small vortex is formed in the concavity of the constriction, and the 
instantaneous strealines are similar. For Womersley number 10, the streamlines are 
much more complex. A bigger vortex is generated just upstream the primary vortex 
and is detached from the tube wall. The possible explanation would be that as the 
frequency of the pulsation increases, the development of this eddy formed in the 
diastole interval is blocked by the primary vortex induced in the systole interval, 
which is not yet fully developed for a shorter poeriod. As a result, at Point F, the 
secondary vortex remains downstream near the stenosis and upstream the primary 
vortex for Womersley number 10, while it is not the case for Womersley numbers 2 
and 6. 
  The dimensionless pressure distributions on the wall of the tube are plotted 
and compared at Points B, D and E, corresponding to the two volumetric flow peaks 
and the zero flux point. The comparison is shown in Figures 5.22 (a), (b) and (c). It is 
obvious that at Point B, a bigger Womersley produces a higher global pressure 
gradient. As for local pressure drop at the stenosis, it is corresponding to the location 
of the vortice, being smaller for a smaller Wo and the recovery region is further from 
the stenosis. At the end of the systolic interval, Point D, a bigger reversed global 
pressure gradient is found for a bigger Womersly number. At the stenosis, there is no 
apparent pressure drop, but downstream the stenosis greater pressure gradient is found 
for a bigger Womersley number. For Womersley number 2, there is no apparent 
pressure drop throughout the axial length of the tube. At Point E, the end of the 
systole-to-diastole period, the pressure drop is almost the same for Wo=2 and 6. 
However, for Wo=10, the difference is obvious. There is a sharp pressure drop with 
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respect to the location of the primary vortex, but no pressure drop at the location is 
found for lower Womersley numbers.  
 Figures 5.23 (a), (b) and (c) illustrate the comparison of the instantaneous wall 
vorticity distributions in the stenosed tube for different Womersley numbers at Points 
B, D and E respectively. As can be seen in the figures, the wall vorticity distribution 
shows significant dependence on the variation of the Womersley number. It is found 
at Point B, that in the stenosed region, there is only a slight difference in the 
magnitude of the wall vorticity, but downstream the stenosis, the development of the 
vortices becomes the major factor that influences the wall vorticity distribution. There 
is a wall vorticity peak downstream the constriction, magnitude larger for Wo=6 than 
Wo=10. For Wo=2, no obvious peak wall vorticity is found downstream the stenosis. 
At Point D, the peak values of the wall vorticity along the tube wall decrease and do 
not show an apparent variation near the stenosis for different Womersley number. As 
the vortices move further downstream the constriction, it is found that the magnitude 
of the peak wall vorticity for Wo=10 is higher than for Wo=6, which is contradictory 
to the phenomenon found at Point B. There is not much variation observed along the 
whole tube for Wo=2. At Point E, as can be found in the pressure distribution, another 
peak wall vorticity is seen for Womersley number 10. 
Conclusion can be drawn that the Womersley number has evident effects on 
the physiological pulsatile flow fields at constant Reynolds number. The larger 
Womersley number will make the flow field more complex and cause flow variables 
to vary in a greater range. With the increase of the Womersley number, we see that 
the vortex becomes stronger, corresponding to a greater wall vorticity. The length of 
the vortex is significantly reduced with increasing Womersley number. It is seen that 
the effects of the Womersley number is strained on the region where the vortex occurs 
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and the wall vorticity shows large value. There is not much difference of the influence 
of the Wormersley number upstream the stenosis and on the region without the 
separated flow vortices. 
 
5.3. Concluding Remarks 
In the present study, the numerical method described in Chapter 2 is employed to 
conduct a comparative investigation on the effects of the waveform incoming 
physiological flow on the vertical flow field in a stenosed artery vessel by varying the 
systolic acceleration-to-deceleration time ratio and the systole-to-diastole time ratio of 
the physiological pulsation. The incoming physiological flow is achieved by applying 
an equivalent expression of the real physiological proposed by McDonald (1974). The 
geometry of the constriction is described by a fixed smooth cosine curve. The 
Reynolds number and the Womersley number taken into account are varying from 50 
to 200 and 2 to 10 respectively, which are within the physiological range commonly 
observed in human artery system. 
 The influence of the systolic acceleration-to-deceleration time ratio and the 
systole-to-diastole time ratio on the flow field are examined by comparing the 
instantaneous streamline, dimensionless instantaneous tube wall pressure distribution 
and the instantaneous wall vorticity distribution at different critical points on the 
curve of the incoming flow rate. Both the systolic acceleration-to-deceleration time 
ratio η and the systole-to-diastole time ratio ξ are varying form 0.5 to 2.0 in the 
present investigation. 
 Overall, propagating vortices are found for all the cases, but they show great 
sensitivity to the waveforms of the incoming flow. The generation and development 
of the vortices may be linked to the presence of an adverse pressure gradient. The 
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adverse pressure gradient consists of a global pressure gradient that is found to be 
closely related to the dynamics of the pulsation, and a local pressure gradient, which 
is observed to be dominated by the vortex dynamics. The vortices downstream the 
stenosis apparently produce a very low pressure region, which is a result of the 
superposition of the global and local pressure distributions. By comparing the 
instantaneous flow properties for different systolic acceleration-to-deceleration time 
ratio, it is seen that given the geometry of the stenosis, the vortices show great 
dependence on the variation in the acceleration-to-deceleration time ratio, mostly 
apparent at Point B, the maximum flow rate point, within the systolic interval of the 
flow rate curve. At Point B, greater differences in the wall vorticity distributions are 
also observed downstream the stenosis where the vortex becomes the major factor that 
determines the wall vorticity. At other points, slight difference in pressure and wall 
vorticity is found throughout the tube. It is also found that the propagation of the 
vortices is faster for a smaller acceleration-to-deceleration time ratio. By varying the 
systole-to-diastole time ratio, it is seen that given the geometry of the stenosis, 
apparent discrepancy of the vortices are found at each point the throughout the pulse, 
which means that the nature of the generation and the development of the vortices 
show great sensitivity to the systole-to-diastole time ratio. In the systolic phase, the 
length of the vortex and the strength of both the primary vortex and secondary 
disturbance are proportional to the value of the systole-to-diastole time ratio. However, 
the variation of the diastolic interval does not put a considerable impact on the flow 
behavior in the diastolic phase.  
The effects of the Reynolds number and the Womersley number are also 
studied numerically. The Reynolds numbers are varied form 50 to 200 and the 
Womersley numbers considered are 2, 6 and 10. It is seen that the variation of the 
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Reynolds number as well as the Womersley number will greatly influence the flow 
pattern and the vortices. The strength of the vortices increases monotonically with the 
increase of the Reynolds and the Womersley number. However, the length of the 
vortices increases with the increase of the Reynolds number, but is inversely 
proportional to the Womersley number. The global as well as the local pressure 
gradient is significantly related to the Reynolds number and will increase dramatically 
with the increase of the Reynolds number. The positions where the maximum wall 
vorticity occur are dominated by the development of the vortices, being more 
downstream and lager for a bigger Reynolds number. The larger Womersley number 
will make the flow field more complex and cause flow variables to vary in a greater 
range. The effect of the Womersley number is strained on the region where the vortex 
occurs and the wall vorticity shows large value. There is not much difference of the 
influence of the Wormersley number upstream the stenosis and on the region without 
the separated flow vortices. 
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Chapter 6 
NUMERICAL STUDY ON PULSATILE FLOW THROUGH 
A STENOSED TUBE – EFFECT OF CONSTRICTION 
GEOMETRY 
In a realistic blood vessel, the shape of the stenosis is not usually fixed, but can be 
with different area reduction and irregular shape. It is undoubted that the geometry of 
the boundary and the shape of the stenosis of the blood vessel are other factors 
besides the pulsation of blood flow that will impose a significant influence on the 
pattern of the steady flow through the vessel. In this chapter, numerical studies have 
been carried out to investigate the influence of the geometry of the stenosis on the 
unsteady physiological pulsatile incoming flow behaviour, by varying the constriction 
ratio, the upstream-to-downstream wall length ratio (i.e. non-symmetrical constriction) 
and the constriction length of the stenosis. The geometry of the non-symmetrical 
constriction is described in Chapter 3. The Reynolds number and the Womersley 
number of the studies are fixed to be 100 and 6.0 respectively.  
 
6.1. Model Configuration 
6.1.1. Model Description 
The numerical model used in the current study has been described in Equation 3.15 in 
Chapter 3. The geometric characteristics of the current model is summarized that the 
dimensionless radius of the tube a0 is 1.0 and the length of the entrance region (lc-0.5ls) 
is 10.0. 
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i. For the constriction with different constriction ratio, the constriction ratio 
C=1/3, 1/2 and 2/3 are considered. The dimensionless length of the 
constriction ls is fixed to be 2.0. and the total length L of the constricted 
tube is 42.0 
ii. For the non-symmetric constrictions, the upstream-to-downstream axial 
wall length ratios lu:ld taken into account are 1:2, 1:1 and 2:1. The 
constriction ratio C is fixed to be 1/2. The dimensionless length of the 
constriction ls is fixed to be 2.0. and the total length L of the constricted 
tube is 42.0 
iii. For constrictions with various constriction lengths, the axial length of the 
narrowest section of the stenosis l0 varies from 0, 1.0 to 2.0. The 
constriction ratio C is fixed to be 1/2. The total length L of the constricted 
tube changes with the constriction length, from 42.0 to 44.0. 
The geometry of the upstream and downstream wall of the constriction is cosine 
shaped for all the cases including both symmetric and non-symmetric constrictions. 
6.1.2. Physiological Pulsatile Flow 
The incoming physiological pulsatile flow applied in the present study is the same as 
the waveform used in the previous chapter to investigate the effects of the geometric 
influence of the stenosis. The general form of the flow rate is given by Equation 3.41 
and is shown in Figures 5.1 and 5.3. There is a peak flow rate points in each of the 
systolic and diastolic phase with a zero flux point at the breaking point of the two 
phases. The property of the incoming flow is fixed to purely study the influence of the 
geometry of the constriction: the systole-to-diastole ratio ξ=tsys/tdias and the systolic 
acceleration-to-deceleration ratio η=tacc/tdec of the physiological incoming flow are 
both fixed to be 1:1. The Reynolds number and the Womersley number of the studies 
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are fixed to be 100 and 6.0 respectively. The points A, B, C, D, E and F on the 
incoming flow rate curve, namely the maximum acceleration point, the peak flow rate 
point in systolic phase, the minimum acceleration point, the systolic end, the peak 
flow rate point in diastolic phase and the diastolic end, selected in the previous 
chapter are also used in the present study to investigate the flow pattern at the critical 
points. 
 
6.2. Results and Discussion 
6.2.1. The Effects of the Constriction Ratio 
How the characteristics of the flow vary with the constriction ratio for the 
physiological flow is discussed in the present study. A grid system with a uniform 
grid of 41 and 252 nodes along radial and axial directions respectively and the time-
step in each cycle of 200 are applied to simulate the pulsatile flow. The Reynolds 
number is fixed to be 100 and the Womersley number is fixed to be 6.0. The systole-
to-diastole ratio is 1. The constriction ratios taken into account in the present study are 
1/3, 1/2 and 2/3, and the dimensionless constriction length is assumed to be 2.0 
constantly. All results are obtained after ten cycles of pulsation for a periodic solution 
to avoid any chances of transient effects. 
 The instantaneous streamlines of the flow in a full pulsation cycle for the 
constriction ratio 1/3 and 2/3 are shown in Figures 6.1 and 6.2 respectively at Points 
A, B, C, D, E and F. Comparing with Figure 5.5, it can be seen that at Point A, the 
inflection point, the instantaneous streamline runs smoothly through the arterial 
stenosis for constriction ratio 1/3 and 1/2. But for constriction ratio 2/3, obvious 
separation is already found in the flow at the concavity immediately downstream the 
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constriction. At Point B, a vortex appears downstream the stenosis for the three cases, 
but as the constriction ratio increases from 1/3 to 2/3, the separation point moves 
slightly upstream at the downstream wall of the constriction. The size of the vortex is 
almost the same as the stenosis for constriction ratio 2/3. As the flow reaches Point C, 
the vortex continues to grow while moving downstream and for constriction ratio 1/3, 
the size of the vortex exceeds the reduction area of the stenosis. At the zero flux point, 
Point D, it can be seen that even though the incoming flow is the same for the three 
cases, the development of the primary vortex downstream the stenosis is faster for a 
severer constriction. At Point E, for constriction ratio 1/3, the secondary vortex is not 
yet induced, but for constriction ratio 1/2 and 2/3, it already forms in the concavity 
and is longer for a larger constriction ratio. At Point F, the situation is quite the same 
as that at Point D, despite that the development of the secondary vortex is slower than 
that of the primary one and its length increases with the increase of the constriction 
ratio. 
 The comparisons of the instantaneous tube wall pressure distribution at critical 
Points B, D and E in a full systole-to-diastole cycle for constriction ratios 1/3, 1/2 and 
2/3 are presented in Figures 6.3 (a), (b) and (c) respectively to study the relationship 
between the constriction ratio and the pressure distribution for physiological pulsatile 
flow. The pressure is normalized as zero at the upstream entrance of the tube. At the 
peak flow rate point B, it is found that that global pressure gradient over the whole 
vessel increases apparently with the increase of the constriction ratio. The value of the 
dimensionless pressure upstream the stenosis does not seem to be influenced by the 
constriction ratio and is identical for the three cases. The increment of the pressure 
drop downstream the stenosis for constriction ratio 2/3 is about four times of the 
increment for constriction ratio 1/2 and eight times of that for constriction ratio 1/3. 
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For the local pressure drop in the vicinity of the stenosis, the magnitude of the peak 
value of the pressure distribution increases dramatically with the increase of the 
constriction as well. It is also seen that for a severer constriction ratio, the wall 
pressure corresponding to the primary vortex is greater. At Point D, since the flow 
rate reaches zero for the three cases, there is not much difference in pressure 
distribution at the constriction. However, it is interesting to observe that the pressure 
drop along the vortex increases with larger constriction ratio, but the pressure is 
consistently higher than the entry value for constriction ratio 1/3, while for 
constriction ratio 1/2 and 2/3, negative pressure can be found in the peak value region. 
For the conditions at Point E, the pressure distribution is similar to that at Point B. As 
no secondary vortex is found in the concavity of the stenosis, there is only one 
pressure peak for constriction ratio 1/3. 
 Figures 6.4 (a), (b) and (c) illustrates the comparison of the instantaneous wall 
vorticity distribution for constriction ratio 1/3, 1/2 and 2/3 at Points B, D and E 
respectively. Figure 6.4 (a) shows that at Point B, the peak wall vorticity at the 
stenosis for constriction ratio 2/3 is approximately three times the value for 
constriction ratio 1/2 and nine times the value for constriction ratio 1/3. The position 
of the peak value moves slightly upstream with the increase of the constriction ratio. 
It seems that the impact of the constriction ratio on the peak wall vorticity is less than 
that on the dimensionless pressure. However, the variation of the peak value of the 
wall vorticity corresponding to the vortex for different constriction ratio is not as big 
as the variation of the pressure distribution. At Point D, the magnitude of wall 
vorticity at the vortex exceeds the stenotic value being higher for a greater 
constriction ratio. Compared to the distribution at Point B, the difference in wall 
vorticity for different constriction ratio at the vortex is less. At Point E, the wall 
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vorticity in the stenotic region resembles to that at Point B, except that the difference 
of the vorticity corresponding to the secondary vortex is not as apparent as for the 
primary vortex. 
 Overall, the findings can be explained by that a jet is created downstream the 
stenosis, strengthens with increasing the depth at a constant volumetric flow rate for 
the parallel flow, which leads to accelerating the flow of the vortex downstream the 
stenosis. It seems that the generation and development of the vortex is controlled very 
likely by both the inviscid potential of the flow and the vorticity forced by the sudden 
change in the constriction ratio. 
6.2.2. The Effects of the Non-symmetrical Constriction 
In the previous investigation, all the cases studied are based on the physiological 
pulsatile flow through symmetrical constriction, i.e. the geometry of the upstream and 
downstream parts of the stenosis is symmetrical with respect to the center line of the 
stenosis. Generally the stenosis in the blood vessel may not always be symmetrical 
and in most of the cases it is non-symmetrical. It is expected that the non-symmetrical 
property of the constriction may have different effects on the pulsatile flow behavior 
in the constricted vessel other than the symmetrical one. In the present study, how the 
nonsymmetrical property of the constriction influences the flow pattern is investigated. 
The geometric configuration of the stenosis is defined by Equation 3.16 in Figure 
3.1(b). The upstream and downstream ratios of the constriction lu:ld considered in this 
study are 1:2, 1:1 and 2:1. The Reynolds number and the Womersley number are 
fixed to be 100 and 6.0 respectively. The systole-to-diastole ratio is 1. The 
constriction ratio for different non-symmetrical constriction is set to be 1/2, and the 
dimensionless constriction length is assumed to be 2.0 constantly. 
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 The flow patterns for lu:ld=1:2 and 2:1 are plotted in Figures 6.5 and 6.6 
respectively in the form of instantaneous streamline at six points in a single pulsation 
cycle. Comparing the streamline contours in Figures 5.5, 6.5 and 6.6, at Point A, for 
lu:ld=1:2 and 1:1, no apparent vortex generation is found at the concavity of the 
stenosis, but for lu:ld=2:1, because of the steeper downstream wall of the constriction, 
small vortex is already seen nestled in the concavity at the early stage of the pulsation. 
At Point B, it is found that the separation point moves slightly upstream the 
downstream wall of the stenosis as the narrowest point of the constriction moves 
downstream, radial width of the induced eddy being the largest for lu:ld=2:1. How 
ever the shortest vortex is found for lu:ld=1:1, the symmetric stenosis. From the 
contour at Point C, it is obvious that the development speed of the primary vortex 
does not increase for shorter downstream wall of the constriction; the slowest 
development of the vortex is found still for lu:ld=1:1, that for lu:ld=2:1 being faster 
than for lu:ld=1:2. The same trend is found at Point D. At Point E, where the 
secondary vortex is generated, as the axial downstream length of the stenosis 
decreases and the downstream wall becomes steeper, the secondary vortex grows 
bigger. Compared to the streamline contour at the systolic peak Point B, it is found 
that the axial length ratio of the downstream wall of the stenosis has greater influence 
on the secondary vortex rather than the primary one in terms of the length of the eddy. 
Thus the length of the secondary vortex is greater for higher upstream-to-downstream 
wall ratio at Point F. 
 Then we take a look at the instantaneous dimensionless pressure distributions 
at Points B, D and E, which are illustrated in Figures 6.7 (a), (b) and (c) respectively. 
From the pressure plot at Point B, we can see that the peak negative pressure appears 
where the narrowest part of the constriction is. With the decrease of the axial length of 
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the upstream wall of the constriction, the magnitude of the local dimensionless 
pressure increases monotonically. However, for the pressure corresponding to the 
primary vortex, the recovery region of the local pressure for lu:ld=1:1 is most upstream, 
followed by lu:ld=1:2, that for lu:ld=2:1 being the most downstream. At Point D, not 
much difference in pressure is found in the vicinity of the stenosis except for the 
position of the positive peak value. But in the vortex region, the local pressure drop 
appears more upstream and its magnitude is obviously seen greater for lu:ld=1:1. At 
the diastole peak Point E, however, the pressure distribution is not similar as for Point 
B. The local dimensionless pressure drop for lu:ld=1:1 becomes greater than the other 
two cases. Conclusions can be drawn that both increasing and decreasing the 
upstream to downstream wall axial length ratio of the stenosis will cause a faster 
development of the induced vortex than that generated by a symmetrical stenosis. As 
a result, lower magnitude of the local pressure drop at the vortex is found for non-
symmetric stenosis is observed. 
 For the instantaneous vorticity distribution along the tube wall, the wall 
vorticity plots are shown in Figures 6.8 (a), (b) and (c), for Points B, D and E 
respectively. From the figure for Point B, we can see that position of peak wall 
vorticity in the vicinity of the stenosis moves with respect to the position of the 
narrowest section of the constriction and always appears slightly upstream the section. 
The peak value of the wall vorticity decreases with the increase of the upstream wall 
ratio of the constriction and the reduction from lu:ld=1:2 to lu:ld=1:1 is less than that 
from lu:ld=1:1 to lu:ld=2:1. Besides, although the length of the constriction is fixed to 
be 1.0, the width of the higher vorticity region increases with the increase of lu:ld and 
the slope of increase curve becomes flatter. In the vortex region, it is found that the 
vortex not only develops slower for symmetric stenosis, but the wall vorticity is 
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higher than the other two non-symmetric cases. At Point D, we can see that the non-
symmetric stenosis does not have distinctive effects on the wall vorticity in the post-
stenotic region when the net flux becomes zero. At Point E, the peak wall vorticity at 
the stenosis decreases compared to that at Point B for the three cases but the relative 
difference remains similar. The width of the higher vorticity region also decreases 
because of lower flow rate at the point, but remains the longest for lu:ld=2:1 and 
shortest for lu:ld=1:2 respectively. 
 To sum up, the axial upstream-to-downstream wall length ratio has certain 
effects on the physiological pulsatile flow behaviour in the stenosed blood vessel. 
Form the flow pattern in the streamline contour, it is seen that although the total 
length of the constriction is fixed, the non-symmetric constriction results in a faster 
development for both the primary and the secondary vortices downstream the stenosis 
than the symmetric one. In terms of dimensionless pressure distribution, the peak 
pressure point moves corresponding to the position of the narrowest section of the 
tube and the non-symmetric stenosis causes lower magnitude of the local pressure 
drop at the vortex. For the wall vorticity distribution, shorter length of the upstream 
wall tends to make the peak wall vorticity at the stenosis higher and the width of the 
higher vorticity region longer. However the highest value at the vortex is for 
symmetric constriction case. 
6.2.3. The Effects of the Constriction Length 
It is expected that the length of the constriction will cause variations of the pulsatile 
flow pattern in the constricted tube, because a longer constriction results in a faster 
and greater pressure drop in the region according to the conservation law. In the 
present study, the effect of the constriction length on the nature of the post-stenotic 
vortex is investigated by reforming the geometric configuration of the stenosis 
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described by Equation 3.15 in Figure 3.1 (b). The constriction length l0 varies from 0 
to 2 with the shape of the upstream and downstream wall of the constriction and the 
constriction ratio remain the same as the basic case. Symmetric stenosis configuration 
is used in this work. The Reynolds number and the Womersley number are fixed to be 
100 and 6.0 respectively. The systole-to-diastole ratio of the physiological pulsation is 
1:1. 
 Figures 6.9 and 6.10 show the time-dependent streamlines contours at critical 
points in a whole pulsation cycle for constriction length l0=1.0 and 2.0 respectively. 
The contours are aligned with respect to the downstream end of each constriction. 
Comparing Figures 5.5, 6.9 and 6.10, we can see that both upstream and downstream 
flow patterns are very similar although the constriction length is varying from 0 to 2. 
However, from the comparison of the contours at Points B, D and E, it is observed 
that the developing speed of the post-stenotic vortex is higher for a longer constriction 
– this applies to both the primary and the secondary vortices. 
 The time-dependent dimensionless pressure distributions along the wall of the 
blood vessel at Points B, D and E are plotted in Figures 6.11 (a), (b) and (c) 
respectively. At Points B, it is found that the global pressure drop increases with the 
increase of the constriction length. However, although the length of the constriction 
doubled from 1 to 2, the increment of the global pressure drop from constriction 
length 2 to 1 is less than that from constriction length 1 to 0. Similar effect of the 
constriction length is found for local pressure drop in the vicinity of the constriction. 
For constriction length greater than one, there is another pressure drop region with 
respect to the length of the constriction, which is already predicted. The pressure 
recovery at the downstream wall of the stenosis becomes less for longer constriction 
length. Generally, the effects of the constriction on the increment of the dimensionless 
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pressure seem to decrease with the increase of its length. At Point D, it is obvious that 
the global reversed pressure is higher for a longer constriction. Furthermore, the 
relative magnitude of the lower peak point of the dimensionless local pressure is 
greater for a longer constriction and is found developing faster downstream. It is 
especially apparent when constriction ratio is 2 – the value of the lower peak value is 
less than zero and is even lower than the entrance value, while for the other two cases, 
the values are positive. At Point E, when the flow rate is less than that at Point B, the 
effects of the constriction length are not as big as that at Point B. The difference is 
that the pressure drop caused by the lengthened constriction is greater than that caused 
by the upstream wall of the stenosis. 
 As for the instantaneous wall vorticity distribution, the plots are shown in 
Figures 6.12 (a), (b) and (c) at Points B, D and E respectively to investigate the effects 
of the constriction length on the wall vorticity distribution. As shown in Figure6.12 
(a), at Point B, The magnitude as well as the position of peak wall vorticity are 
consistent for different constriction length and appear at the upstream wall of the 
constriction. As the constriction length increases, a gradual reduction area of the wall 
vorticity is formed in the middle part of the vorticity reduction curve downstream the 
vorticity peak. The vorticity curve becomes flatter with the increase of the 
constriction length and appears to be a “step” behind the peak vorticity. It seems that 
the lengthened constriction has somewhat blocked recovery of the peak vorticity. For 
the vorticity at the induced eddy, the magnitude of the vorticity is almost the same for 
different constriction length and is much less than the peak value. However, it is also 
found that for a longer constriction the peak of vorticity tends to be relatively more 
upstream while it is not so apparent in the streamline and the pressure curve. At the 
breaking point of the systolic phase and the diastolic phase, Point D, a difference is 
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found in magnitude of the wall vorticity corresponding to the primary vortex, which is 
not seen at the two peak flow rate points. As the constriction length increases, the 
peak vorticity increases monotonically and the development of the vorticity is faster. 
At the diastolic peak flow rate Point E, both the maximum flow rate decrease for the 
three cases and the “step” becomes flatter. Nevertheless, the magnitude of the “step” 
is proportionally higher, compared to the distribution plot at Point B. 
 Overall, the variation of the constriction length has a small influence on the 
physiological pulsatile flow patter in the constricted tube in terms of streamline. 
However, the induced primary and secondary vortices are moving faster for a longer 
constriction. The increase of the constriction length causes the maximum 
dimensionless pressure drop to increase as well as the global pressure drop, but the 
increment of the pressure drop tend to reduce from a shorter constriction to a longer 
one. At the peak flow rate points, there is a “step” corresponding to the narrowest 
section seen in the wall vorticity plot at the constriction for constriction length greater 
than 0; there is not much difference for peak vorticity magnitude corresponding to the 
vortex. At the zero flux point, the wall vorticity at the vortex is greater for a longer 
constriction. 
 
6.3. Concluding Remarks 
By employing the numerical strategy introduced in Chapter 2, the current work 
presents a numerical analysis of the correlation between the vortex flow downstream a 
stenosis by a systematic investigation of the influence of geometry of the constricted 
blood vessel on the post-stenotic physiological pulsatile flow. As described in the 
previous chapters, the incoming physiological flow is achieved by applying an 
equivalent expression of the real physiological proposed by McDonald (1974). The 
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geometry of the constriction is described by a smooth cosine curve but with a variety 
of the constriction ratio, non-symmetric configurations and the constriction length. 
The Reynolds number and the Womersley number taken into account are fix to be 100 
and 6 respectively, which are within the physiological range commonly observed in 
human artery system. 
 The influence of the constriction ratio of the single stenosis has been evaluated 
by comparing the instantaneous streamline, dimensionless wall pressure distribution 
and the wall vorticity distribution at selected critical points on the incoming flow rate 
curve. Constriction ratios varying from 1/3 to 2/3 are considered in the present 
investigation. It is found that for a fixed Reynolds number and Womersley number, 
the constriction ratio puts a significant impact on the flow behavior in the stenotic 
blood vessel. With the increase of the constriction ratio, the development of the 
induced vortices, both primary and secondary, are accelerated downstream the 
stenosis. The dimensionless wall global as well as local pressure drop is very much 
higher for a severer constriction at the two peak flow rate points. Similar significant 
impact on the wall vorticity distribution is found. The peak value of the wall vorticity 
at the stenosis and the corresponding vortices increases monotonically with the 
increase of the constriction ratio, no matter at the peak flow rate points or the zero net 
flux points. 
 How the non-symmetric geometry of the constriction influence the incoming 
physiological pulsatile flow pattern in the vessel is also studied in this work by 
varying the upstream-to-downstream wall axial length ratio of the stenosis lu:ld from 
1:2 to 2:1 and fixing the property of the incoming flow. The peak of the dimensionless 
pressure drop as well as the wall vorticity at the constriction appears according to the 
position of the narrowest section of the stenosis and the magnitude decreases as the 
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section moves downstream. It is interesting to find that both the primary and 
secondary vortices are moving faster downstream the constriction for a non-
symmetric constriction from the streamline contours, although for non-symmetric 
constriction, a shorter upstream stenotic wall causes a slightly slower development 
than that caused by a longer one. It is also found that at the vortex, the peak pressure 
and wall vorticity are higher for a symmetric constriction. 
 The length of the constriction is considered another factor that influences the 
pulsatile flow behavior in the constricted tube. By comparing the instantaneous 
streamlines, the dimensionless pressure drop and the wall vorticity distribution for 
constriction length l0 from 0 to 2, conclusions can be drawn. The lengthening of the 
constriction length will make the primary and the secondary vortices accelerate 
downstream. The global and the local pressure drop increases with the increase of the 
constriction ratio, but the increment of the pressure tends to decrease for a longer 
constriction. A “step”, whose length is corresponding to the length of the constriction, 
is found in the vorticity distribution figures in the middle part of the recovery region 
at the peak flow rate points. At the zero flux point, the peak wall vorticity is higher for 
a longer constriction. 
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Chapter 7 
NUMERICAL STUDY ON PULSATILE FLOW THROUGH 
DOUBLE CONSTRICTIONS 
It is possible that the formation of the stenosis in the diseased vascular tube may 
induce the formation of more stenoses downstream the primary one, because the 
downstream circulation in time will accumulate particles and forms a secondary 
stenosis or even a third one and so on (Lee et al. 2003). So the occurrence of multiple 
stenoses in the blood vessel is commonly seen and, of course, it may further 
complicate the vortical flow field under the time dependence incoming flow. Studies 
have been done for the laminar steady flows through double stenosed tubes with 
different geometry configurations and Reynolds numbers by Lee (1990, 1994 and 
2002). In this chapter, the influence of the pulsatile waveform on the vortex fluid 
dynamics in a tube with double cosine shaped constrictions has been studied by 
applying the numerical procedure described in Chapter 3. The incoming waveform 
physiological pulsatile flow is achieved by introducing the physiological volumetric 
flow rate as the general form given by McDonald (1974). In the present study, 
numerical study has been carried out by varying the spacing ratio between the two 
constrictions and the constriction ratios of different constrictions. The detailed flow 
behaviour is studied for a Reynolds number of 100 and a Womersley number of 6 for 
the pulsation. Studies have also been carried out for Reynolds numbers ranging from 
50 to 200 with a fixed Womersley number of 6 and Womersley numbers varying from 
2 to 10 with a fixed Reynolds number of 100 to investigate the effects of the two 
important flow parameters on the physiological pulsatile flow field. 
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7.1. Model Configuration 
7.1.1. Model Description 
In the present study, the model of an axisymmetric rigid tube with double smooth 
cosine curve constrictions described by Equation 3.17 in Chapter 3 is used to 
investigate the influence of the physiological pulsatile waveform on the flow pattern. 
The geometric configuration of the tube is shown in Figure 3.1 (c). The radius of the 
tube a0 at the inlet is 1.0. Other specific configurations are described as follows: 
i. For double constrictions with different spacing ratio, the spacing ratio 
S/r0=2.0, 4.0, 6.0 and ∞ are considered while S/r0=∞ refers to the tube with 
a single constriction. The constriction ratios of the two constrictions C1 
and C2 are fixed to be 0.5. The total length of the tube L varies from 44.0 
to 48.0. 
ii. For double constrictions with different constriction ratios, the constriction 
ratio of the upstream constriction C1 is fixed to be 0.5 for all cases while 
the constriction ratio of the downstream constriction C2 varying from 1/3 
to 2/3. The spacing ratio between the constrictions is set to be 2.0. The 
total length of the tube L is 44.0. 
The spacing ratio of 2.0 and constriction ratio C2=1/2 are further applied to examine 
the effects of the Reynolds number and the Womersley number on the flow field. 
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7.1.2. Physiological Pulsatile Flow 
The pulsatile physiological volumetric incoming flow rate employed in Chapter 5 
(Equation 3.41) is also used here as the general form plotted in Figures 5.1 and 5.3. 
The critical points: peak acceleration point, Point A, maximum flow rate point in the 
systole phase, Point B, peak deceleration point, Point C, zero flux point, Point D, peak 
flow rate point in the diastole phase, Point E and the end of the period, Point F, in the 
curve of the flow rate examined in Chapter 5 are also to be considered in the present 











where v0 corresponds to the peak flow rate per unit area of the tube. 
Extensive benchmark tests about influences of time-step and grid-refinement 
on the results showed that a grid system with a uniform grid of 41 and 264 nodes 
along radial and axial directions respectively and the time-step in each cycle of 200 
can provide sufficient accuracy of the solution. The convergence criterion is that the 
residual of the continuity becomes less than 10-3. A fully developed laminar entrance 
flow in an axisymmetric tube described in Chapter 3 is employed as the inflow 
condition. A laminar inflow condition is appropriate for the Reynolds number and the 
Womersley number in the current study. The downstream outlet boundary conditions 
are specified with fully developed outflow. The non-slip boundary condition on the 
rigid wall and the axisymmetric condition along the axis of symmetry are employed 
respectively. All results are obtained after ten cycles of pulsation for a periodic 
solution to avoid and chances of transient effects. 
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7.2. Results and Discussion 
7.2.1. Waveform Pulsatile Flow through Double Cosine Shape 
Stenosis 
As for the basic case, the Reynolds number is fixed to be 100 and the Womersley 
number is fixed to be 6. The steady as well as the time-dependent instantaneous 
streamlines in a full systole-to-diastole cycle for the spacing ratio S/r0=2.0 and the 
constriction ratio C2=1/2 is shown in Figures 7.1. It is apparent that the streamlines 
are very much different for the steady flow and the physiological pulsatile flow. At 
Point A, the instantaneous streamline runs smoothly through both stenoses. No 
obvious separation is found in the post-stenosed areas. At Point B, vortices are formed 
downstream each of the stenosis, but the vortex downstream the upstream stenosis is 
smaller in size and shorter in length and the reattachment point is on the upstream 
wall of the downstream constriction. When the vortex develops downstream, there is a 
larger recirculation region distal to the downstream constriction at Point C. However, 
although the upstream vortex also grows in size, its development is blocked by the 
upstream wall of the downstream constriction and the reattachment point moves 
slightly downstream. At Point D, where the flow has zero flux, both the upstream and 
downstream vortices are detached from the wall. The downstream vortex occupies 
most of the distal area and the separation is also found even upstream the stenosis, but 
the upstream vortex is not big enough to occupy the whole area of the tube. 
Recirculation region also appears upstream the constrictions. At Point E, where the 
incoming flow rate reached the peak value in the diastole interval, secondary vortices 
occur behind the stenoses. The primary vortex downstream the downstream 
constriction continues to develop and reattaches to the wall, but the primary vortex 
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downstream the upstream constriction vanishes between the two constrictions. And 
Point F, the secondary recirculation regions grow in size and the separation again 
appears upstream the constriction. The shape of the vortex distal to the first 
constriction is restricted to the shape of the wall between the two constrictions. 
7.2.2. The Effects of Spacing Ratio 
To study the effects of the spacing ration between the consecutive stenosis in 
the tube, the instantaneous streamlines for the spacing ratios S/r0=4.0 and 6.0 are 
illustrated in Figures 7.2 and 7.3 respectively. Comparing the instantaneous 
streamlines with Figure 7.1, it can be seen that the streamlines are similar for the three 
cases at Point A and there is no apparent vortices downstream the stenoses. At Point B, 
for the spacing ratio greater than 4.0, the two induced vortices distal to the two 
constrictions are no longer restricted by the downstream stenosis. The shape of the 
upstream stenoses is in good resemblance but the length of the upstream vortices is 
slightly greater than the downstream ones. When the flow advances to Point C and 
further to Point D, the development of the upstream vortex is again restricted by the 
front part of the second stenosis. Unlike the downstream vortex, the upstream one 
continues to grow in size, but the length remains unchanged with the centre of the 
recirculation region being nearer to the upstream wall of the downstream stenosis. 
The streamlines for different spacing ratios becomes similar again at Point E. And at 
Point F, the end of the period, the upstream vortice for S/r0 greater than 4.0 is fully 
developed compared to the vortex downstream the second stenosis and the 
corresponding vortex for spacing ratio ∞. Little change is found for the corresponding 
separation and reattachment points. It seems that a spacing ratio of 4.0 is long enough 
that the limitation to the formation of both the primary and secondary vortices 
downstream the first and the second constrictions can be neglected. 
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Figures 7.4 (a), (b) and (c) show the instantaneous dimensionless wall pressure 
distributions at Points B, D and E. At Point B, as the spacing ratio increases, a greater 
global pressure gradient is found throughout the whole tube, but the increment of the 
pressure gradient has a tendency of decreasing. There is an obvious local pressure 
drop at each constriction. The pressure drop at the upstream constriction is the same 
for different spacing ratio, however, at the downstream constriction, the pressure drop 
increases with the increase of the spacing ratio. As we expected, for S/r0=2.0, the 
pressure recovery at the upstream constriction is greatly influenced by the 
downstream constriction. For S/r0>2.0, the pressure upstream the downstream stenosis 
recovers to the value for the tube without the second constriction. At Point D, the 
pressure gradient is reversed, being higher for a wider spacing. At Point E, the 
downstream local pressure drop increases until the spacing ratio 4.0. It can be 
deduced that the double constrictions have the strongest superposed effects on the 
secondary vortex downstream flow fields when the spacing between the stenoses 
approaches 4r0. 
 The comparisons of the instantaneous wall vorticity distributions for S/r0=2.0, 
4.0, 6.0 and ∞ are made at Points B, D and E in Figures 7.5 (a), (b) and (c). As can be 
seen at Point B, the wall vorticity at the upstream stenosis are consistent while we 
vary the spacing ratio, and the peak value is constantly greater than the downstream 
peak value at the downstream stenosis. It is found that in front of the peak value at the 
second constriction for S/r0>2.0, there is a small peak, corresponding to the primary 
vortex behind the first stenosis, while it is not the case for S/r0=2.0. It is observed at 
Point D that when the flow rate reaches zero flux, with the increase of the spacing 
ratio, the peak wall vorticity at the downstream stenosis increases. When the 
secondary vortices dominate the downstream constriction region at Point E, the only 
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difference found in the peak wall vorticity at the downstream constriction is that the 
magnitude is reduced with the increase of the distance between the constrictions and 
is always lower than the first peak value. 
 Conclusion can be drawn that the downstream constriction will have a 
superposed effect on the flow field downstream the first constriction. During the 
systole interval, the spacing ratio may have a critical value of 4.0, below which the 
flow pattern, as well as the pressure and wall vorticity distribution, in the valley 
region between the constrictions is affected by the downstream constriction. For the 
peak flow rate Points B and E, the peak wall vorticity generated by the first stenosis is 
always greater than that generated by the second one, while for the zero flux Point D, 
the situation is just the opposite. Generally, the first stenosis has a time-average 
diminishing effect on the flow fields distal to the second stenosis when the spacing 
ratio increases. The similar effects are found for steady laminar flow by Lee (1990). 
7.2.3. The Effects of Downstream Constriction Ratio 
With a given spacing ratio S/r0 of 2.0 and the constriction ratio of the upstream 
constriction C1 of 1/2, the steady and instantaneous streamlines are shown for the 
constriction ratio of the downstream constriction of 1/3 and 2/3 in Figures 7.6 and 7.7 
respectively. Form Figures 7.1, 7.6 and 7.7, it is observed that for steady flow, the 
eddies formed downstream the first constriction are restricted by the downstream 
stenoses, and for C2=1/3, the eddy tends to spread beyond the second stenosis and 
merge with the vortex formed behind. The size of the downstream vortices is largely 
dependent on the ratio of the second constriction. However, for the physiological 
pulsatile flow, the streamlines are much different. At Point A, a small vortex is 
already formed behind the second constriction for constriction ratio 2/3, while it is not 
the case for the second constriction ratio less than 2/3. At the maximum flow rate 
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Point B, the reattachment points for the circulation region remains on the front wall of 
the downstream constriction, which is similar for all the cases, but the downstream 
vortices are lager in size and longer in length for a higher constriction ratio C2. At 
Point C, the upstream vortex begins to merge with the eddy downstream the second 
constriction for the constriction ratio less than 1/2. At Point D, the proximal and distal 
vortices occupy the regions separated by the constriction and the only difference seen 
is the length of the downstream vortex being longer for a severer downstream 
constriction. The flow field phenomenon is similar for Points E and B and Points F 
and D, except the length being shorter and the size being lager for the secondary 
vortices.  
 Pressure distributions on the rigid tube wall at critical Points B, D and E are 
drawn in Figures 7.8. As can be seen from Point B, for the downstream constriction 
ratio less than 1/3, the local pressure drop at the second constriction is not as apparent 
as C2 greater than 1/3 because of the merging of the upstream and downstream 
vortices. With the increase of the constriction ratio, the both the global pressure 
gradient and the local pressure drop at the downstream constriction increase 
dramatically. The pressure drop at the second constriction for C2=2/3 is about 6 times 
the value for C2=1/2. At Point D, the reversed pressure global pressure gradient 
decreases when the constriction becomes severer, this indicates that the downstream 
constriction provides a resistance to the adverse pressure gradient. The condition is 
quite similar at Point E as that at Point B. However, the magnitude of the pressure 
drop is much smaller. 
 From the wall vorticity distribution at Points B and E in Figure 6.9, it is 
interesting to see that when the downstream constriction ratio is 2/3, the peak wall 
vorticity at the second stenosis is much greater than at the first constriction, but for 
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C2<2/3, the downstream peak value is less than the upstream one. There must be a 
critical downstream constriction ratio between 1/2 and 2/3 that the peak wall vorticity 
are the same at both stenoses. At Point D, the vortex between the two stenoses 
contributes to the wall vorticity at the downstream constriction and the maximum 
value is for C2=1/2. 
 It can be concluded that the flow field is considerably affected by the 
superposing of the second constriction with various constriction ratio. The induced 
vortices downstream the second constriction propagates faster for a lager downstream 
constriction ratio, while the vortices in the valley region between the constrictions do 
not put a significant impact on the pressure drop and the wall vorticity.  
7.2.4. The Effects of the Reynolds Number 
As has been done in the previous chapter, to examine the effects of the Reynolds 
number on the flow behavior of the physiological pulsatile flow through a tube with 
double stenoses, numerical studies are carried out for Reynolds number 50, 100 and 
200, with the Womersley number fixed to be 6, the spacing ratio between the 
upstream and downstream constrictions fixed to be 2.0 and the constriction ratios of 
both constrictions fixed to be 1/2, in the present work. 
Figures 7.10 and 7.11 show the details of the instantaneous streamlines for the 
flow field at the critical time points of the pulsatile cycle for Re=50 and 200 
respectively. Referring to Figures 7.1, 7.10 and 7.11, it is found that at Point A, for 
the cases Re=50 and 100, the instantaneous streamlines run smoothly through both the 
upstream and the downstream stenoses and no apparent vortex is seen in the 
neighbourhood downstream the constrictions. On the contrary, for Re=200, small 
vortices are already seen to form in the concavity of both the upstream and 
downstream stenosis, however, the vortex downstream the second constriction is 
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smaller in size than that downstream the first constriction. At Point B, where the 
maximum volumetric flow rate appears, a considerable discrepancy in the streamline 
is found for different Reynolds numbers. For all the three Reynolds numbers, a 
recirculation region is found between the two stenoses and vortex is seen downstream 
the second stenosis. For a larger Reynolds number, the position of the reattachment 
point of the vortex downstream the first constriction tends to move downstream but 
still remains on the upstream wall of the second constriction. Besides, the 
reattachment point of the vortex downstream the second stenosis is observed more 
downstream the stenosis and the vortex becomes longer streamwise in size with the 
increase of the Reynolds number. With different volumetric flow peak, the flow rate 
seems to have a significant influence on the instantaneous flow pattern. At Point C, 
although the Reynolds numbers are different for the three cases, the development of 
the vortex downstream the first constriction is blocked by the upstream wall of the 
second constriction and the recirculation region is similar in size and shape for 
different Reynolds numbers. However, the induced vortex downstream the second 
stenosis continues to grow in size and length and develop downstream, being faster 
for a relatively larger Re and slower for a smaller Re. The same phenomenon applies 
for the flow field at Point D, the zero flow rate point, except that a vortex appears 
upstream the first stenosis and both the vortices downstream each stenosis grow in 
size to occupy most of the volume of the tube. At Point E, secondary vortices are 
induced at the concavity downstream both the first and the second stenoses for 
Re=100 and 200, and the size is proportional to the Reynolds number. However, for 
Re=50, the secondary vortex is not yet induced and the streamlines run smoothly 
through the stenoses, as can be seen in the instantaneous streamlines. At Point F, there 
is always a secondary recirculation zone between the stenoses, and for a bigger 
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Reynolds number, the centre of the vortex is more downstream than for a smaller 
Reynolds number. The secondary vortex downstream the second constriction grows 
bigger and develops faster downstream for a larger Reynolds number. Comparing 
Figures 7.1, 7.10 and 7.11 with Figures 5.5, 5.16 and 5.17 respectively, we can find 
that with the same Reynolds number and Womersley number, the developments of the 
flow fields through the double stenoses are very similar to those through the single 
stenosis. Usually, there is a vortex occurring between the double stenoses. In other 
corresponding flow regions, the vortex distributions are almost the same except that 
the recirculation zone behind the second stenosis in the double-stesnosis case is 
always smaller in size than that in the single-stenosis case. However, these differences 
are not found for the recirculation zones before the first stenosis. 
 The dimensionless wall pressure distributions plotted and compared at Points 
B, D and E in the flow rate profile, corresponding to the two volumetric flow peaks 
and the zero flux point. The comparison is shown in Figures 7.12 (a), (b) and (c). It 
can be observed at Point B that as the Reynolds number increases, there is a dramatic 
increase of the global pressure drop along the tube wall. A much greater local 
pressure gradient is also found at both constrictions for a bigger Re both at the 
stenoses and at the location corresponding to the votex, and the difference in pressure 
drop at the downstream stenosis is even severer than that at the upstream stenosis. It is 
also seen that there is a recovery of the pressure in front of the downstream stenosis 
for Re=100 and 200, corresponding with the position of the induced vortex by the first 
constriction, while it is not the case for Re=50. At Point D, where the flow flux is zero, 
the adverse global pressure gradient is seen of a much greater value for a bigger Re, 
representing a much bigger deceleration. It also applies to the local pressure gradient. 
The pressure gradient at the second stenosis is greater than that at the first stenosis 
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and the difference increases monotonically with the increase of the Reynolds number. 
At Point E, the global pressure becomes even smaller and the distribution of pressure 
is similar to the distribution at Point B for different Reynolds numbers. There is no 
local pressure recovery in front of the second stenosis compared to Point B. An 
apparent increase in pressure drop downstream is observed for a bigger Reynolds 
number, corresponding with the development of the vortex. Compared with Figure 
5.18, it is found that because of the existence of the second constriction, the global 
pressure gradient as well as the local pressure at the second constriction is much 
greater than that without the second constriction and the value is increased with the 
increase of the Reynolds number. 
The instantaneous wall vorticity distributions in the stenosed tube are also 
plotted at Points B, D and E for comparison in Figure 7.13. As shown in the figures, 
the wall vorticity distribution shows significant dependence on the variation of the 
Reynolds number. At Point B, an apparent increase of the wall vorticity is found at 
both stenosed regions with the increase of the Reynolds number. The value of the 
peak wall vorticity at the downstream constriction is constantly lower than that at the 
first constriction with various Reynolds numbers, and the difference between the 
upstream and downstream peak values has a tendency of increasing monotonically 
with the increase of the Reynolds numbers. At the end of systole phase, Point D, there 
is no apparent variation in wall vorticity at the upstream stenosis region. However, 
wall vorticity peak is seen at the second constriction and the peak value increases with 
the increase of the Reynolds number. It is evident that the wall vorticity 
corresponding to the induced vortex downstream the second stenosis is also higher 
and more downstream for higher Reynolds number. At Point E, the two peak values 
appear again at the constrictions and as that seen at Point B: the peak wall vorticity 
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increases with the increase of the Reynolds number. However, the difference of peak 
values at both constrictions is much less severe than that at Point B. 
Conclusion can be drawn that the Reynolds number is a parameter that will 
greatly influence the physiological pulsatile flow field in a double stenosed tube. With 
the increase of the Reynolds number, both the primary vortex induced by the down 
stream stenosis and the secondary vortex tend to develop faster. The length and the 
strength of vortices increase monotonically as the Reynolds number increases. The 
recirculation zone behind the second stenosis in the double-stesnosis case is always 
smaller than that in the single-stenosis case. The global as well as the local pressure 
gradient is significantly related to the Reynolds number and will increase dramatically 
with the increase of the Reynolds number. The effect is more evident at the 
downstream constriction region. Both the peak wall vorticity values go up 
monotonically with the increase of the Reynolds number and the downstream peak 
value is lower at peak flow rate points and higher at zero flux points than the upstream 
peak value for each Reynolds number. 
7.2.5. The Effects of the Womersley Number 
It is well-known that the Womersley number has a considerable effect on the flow 
patterns for unsteady pulsatile flow. In order to investigate the effects of the 
Womersley number of the waveform on the vortical flow dynamics, numerical study 
is carried out in the present work for three different waveform Womersley numbers 
within the range observed in the human arterial system: Wo=2, 6 and 10. The 
Reynolds number taken into account is fixed to be 100 in the three cases. As the cases 
studied to examine the effects of the Reynolds number, the spacing ratio between the 
upstream and downstream constrictions is fixed to be 2.0 and the constriction ratios of 
both constrictions are fixed to be 1/2 respectively. 
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 The instantaneous streamlines of the flow in the tube with double constrictions 
for Womersley numbers 2 and 10 are illustrated at Points A, B, C, D, E and F in 
Figures 7.14 and 7.15 respectively. Referring to Figures 7.1, 7.14 and 7.15, at Point A, 
for Womersley numbers 6 and 10, the instantaneous streamlines run smoothly through 
the first and second stenosis and no apparent vortex is seen in the concavity 
downstream the constrictions. For Womersley number 2, vortices are already 
generated downstream both stenoses. The development of the upstream vortex is 
block by the upstream wall of the downstream constriction and the downstream vortex 
resembles to the streamlines in the tube for a steady case is shorter in length and the 
reattachment point is more upstream. At Point B, a vortex is formed in the valley 
region of the constrictions. The size increases with the decrease of the Womersley 
number and it is much smaller for Wo=10 than for Wo=2 and 6. The size and the 
length of the vortex downstream the second constriction increase dramatically with 
the decrease of the Womersley number. At Point C, the induced vortices downstream 
the second constriction continue to grow in size and length, being faster for a 
relatively bigger Wo. With the increase of the Wormersley number, the eddy in the 
valley region of the two constrictions tends to spread beyond the second stenosis and 
merge with the vortex distal to the second stenosis. At Point D, for Wo=10, the vortex 
induced in the previous cycle downstream the second constriction is very apparent 
behind the primary vortex, while it is not the case for Wo= 2 and 6. At Point E, for 
different Womersley numbers, the flow pattern downstream the second constriction is 
similar to that of the single-constriction case: a small vortex is formed in the 
concavity of the constriction for Womersley number 2 and 6, and A bigger vortex is 
generated just upstream the primary vortex and is detached from the tube wall for 
Womersley number 10. Between the constrictions, although vortices are seen for the 
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three cases, the eddy for Wo=10 is attached to the upstream wall of the downstream 
stenosis, and for Wo=2 and 6, they are attached to the downstream wall of the 
upstream stenosis. At Point F, there seems to be a bigger vortex between the 
constrictions and the vortices induced distal to the second constriction in the previous 
time gradually disappear for a relatively lower Womersley number. Comparing 
Figures 7.1, 7.14 and 7.15 with Figures 5.5, 5.20 and 5.21 respectively, it is also 
found that the developments of the flow fields downstream the second constriction are 
very similar to those through the single stenosis for the same Reynolds number and 
Womersley number, except for a vortex occurring in the valley region of the stenoses. 
It is again found that the recirculation zone behind the second stenosis in the double-
stesnosis case is always smaller in size than that in the single-stenosis case, but not for 
the recirculation zones before the first stenosis. 
 Figures 7.16 (a), (b) and (c) show the dimensionless pressure distributions on 
the wall of the tube at Points B, D and E in the pulsation cycle. It can be seen at Point 
B that the higher global pressure gradient corresponds to a higher Womersley number. 
As for local pressure gradient, at the upstream stenosis, there is only a slight 
difference in the peak pressure value for the three cases, being higher for a lower 
Womersley number. At the downstream stenosis, the upstream pressure recovery for 
Wo=10 is steeper than those for Wo=2 and 6 and it is also the case for the pressure 
drop at the second stenosis. For Wo=2 and 6, the pressure drop are almost the same, 
while for Wo=10, it is much larger than the two. Downstream the double stenosed 
region, the pressure recovers faster for a larger Womersley number. At Point D, a 
bigger reversed global pressure gradient is found for a larger Womersly number. 
There is no apparent pressure drop at the first stenosis, but at the second stenosis and 
the downstream area corresponding to the location of the vortex, greater local 
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pressure gradient is found for a bigger Womersley number. For Womersley number 2, 
there is no apparent pressure drop throughout the axial length of the tube, which is 
similar as the case for the single-stenosis tube. At Point E, the pressure drop is almost 
the same for Wo=2 and 6, but for Wo=10, the pressure drop is much smaller at both 
constrictions and a sharp drop is seen with respect to the location of the primary 
vortex. Compared with Figure 5.22, it is found that the existence of the second 
stenosis results in a rise in global pressure gradient and the local pressure gradient at 
the second stenosis. However, the pressure at the first stenosis does not seem to be 
affected. 
 The comparison of the instantaneous wall vorticity distributions in the double-
stenosed tube for different Womersley numbers at Points B, D and E are illustrated in 
Figures 7.17 (a), (b) and (c) respectively. At Point B, for Wo=2 and 6, the peak values 
of the wall vorticity at the second constriction are almost the same and lower than the 
upstream peak value. For Wo=10 the downstream peak value is much higher than the 
other two cases and is even slightly higher than the upstream peak. With the increase 
of the Womersley number, the location of the peak value at the second stenosis moves 
slightly upstream. At Point D, the peak wall vorticity at the first constriction is not as 
apparent as that at the second constriction. The peak value of the wall vorticity at the 
second constriction grows monotonically with the increase of the Womersley number 
and so is the peak value corresponding to the induced vortex. At Point E, the peak 
wall vorticities at both constrictions are similar in value, but different from Point B, 
the Wo=10 case has the lowest peak wall vorticity at the second constriction. 
 Conclusion can be drawn that the larger Womersley number of the pulsatile 
flow leads to a more complex flow field in a double stenosed tube. With the increase 
of the Womersley number, the vortex downstream the second constriction becomes 
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stronger and the length of the vortex is significantly reduced. The effects of the 
Womersley number is strained on the region where the vortex occurs and the wall 
vorticity shows large value, which is also the case for single stenosis tube cases. There 
is not much difference of the influence of the Wormersley number upstream the 
stenosis and on the region without the separated flow vortices. The flow 
characteristics at the first constriction are not significantly affected by the variation of 
the Womersley number, while at the second constriction, the variation is much more 
evident with the changing of the Womersley number. 
 
7.3. Concluding Remarks 
A numerical simulation has been carried out for the physiological waveform laminar 
fluid flow through a double axisymmetrical cosine curved stenosis. The effects of the 
spacing ratio between the two constrictions and the constriction ratio of the 
downstream stenosis on the flow pattern, the instantaneous pressure distribution and 
the instantaneous wall vorticity distribution when the unsteady fluid passing through 
the two adjacent vascular stenoses are investigated numerically. The Reynolds 
number and the Womersley number taken into account are fix to be 100 and 6 
respectively, which are within the physiological range commonly observed in human 
artery system. 
 With the variation of the spacing ratio S/r0 form 2.0 to 6.0, it is seen that the 
spacing ratio may have a critical value of 4.0 in the systole phase. For the spacing 
ratio above 4.0, the flow pattern, the pressure and the wall vorticity distribution in the 
valley region between the constrictions may not be apparently influenced by the 
downstream constriction. For the peak flow rate Points B and E, the peak wall 
vorticity generated by the first stenosis is always greater than that generated by the 
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second one, while for the zero flux Point D, the situation is just the opposite. 
Generally, the first stenosis has a time-average diminishing effect on the flow fields 
distal to the second stenosis when the spacing ratio increases. It also can be found that 
the recirculation region formed downstream the first stenosis has a relatively weak 
effect on the vortex produced by the stenosis downstream with the increase of S/r0. 
However, for a larger spacing between the two stenoses, the induced vortices behind 
the second stenosis may propagate faster downstream. 
 For the fluid flow through a double stenosed tube with the constriction ratio of 
the second stenosis varying from 1/3 to 2/3, the discrepancies in the flow flied and the 
pressure and wall vorticity distributions are even more obvious. For C2=1/3, both in 
the systole and diastole interval, there is very little change of the peak pressure drop 
and the wall vorticity near the second stenosis, while generally, the pressure drop and 
the wall vorticity should be much greater at the stenosis. In contrast, the peak wall 
vorticity and the local pressure gradient generated by the second stenosis with C2 
greater than 1/2 are dramatically increased with the increase of the severity of the 
downstream stenosis, which can be found in both the systole and the diastole phase. 
Although the difference of the cross-sectional area for C2=1/3 and C2=1/2 is much 
larger than that for C2=1/2 and C2=2/3, the discrepancies in flow behaviour between 
C2=1/3 and C2=1/2 are not so large. It is expected that C2=1/2 is an acceptable critical 
downstream constriction ratio value. The constriction ratio beyond this value may 
produce a sudden change in the flow properties downstream the second constriction in 
the whole systole-to-diastole period. 
At the same Reynolds number and Womersley number, the development of 
the flow field through the double stenoses has some similarities to that through the 
single stenosis. The vortex distributions in the proximal area of the first stenosis and 
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in the distal area of the second stenosis are very similar to those for the single-stenosis 
model. However, the recirculation zone distal to the second stenosis in the double-
stesnosis case is always smaller than that in the single-stenosis case while this 
difference is not found for the recirculation zones proximal to the first stenosis. The 
Reynolds number has a great influence on the physiological flow fields though the 
double stenoses. The size of vortices both between the stenoses and downstream the 
second stenosis decreases with the increase of the Reynolds number. Generally, the 
peak values of the wall vorticity are not greatly influenced by the variation of the 
Womersley number. The flow characteristics at the first constriction are not 
significantly affected by the variation of the Womersley number, while at the second 
constriction, the variation is much more evident with the changing of the Womersley 
number. 
For the case of the waveform physiological pulsatile flow through double 
constrictions, it can be concluded that the position, the shape of the downstream 
constriction, the Reynolds number and the Wormersley number of the pulsatile flow 
will considerably influence the downstream vertical flow field in terms of stream-
function, dimensionless pressure drop and the wall vortcity distribution. Such effects 
in the systole phase are greater than in the diastole phase in the comparison of the 




CONCLUSIONS AND RECOMMENDATIONS 
In the present study, a second order finite volume method based on a modified 
SIMPLE method has been developed to solve the steady and unsteady incompressible 
Navier-Stokes governing equations in a curvilinear cylindrical coordinate system. The 
developed numerical method is applied to simulate the steady and pulsatile laminar 
flow through the stenosed tube. Interesting new contributions to flow phenomena are 
obtained. A detailed analysis on the dynamics of the laminar flow through a single 
stenosis for the sinusoidal fluctuated and waveform physiological pulsatile flows has 
been presented in the present study. The effects of important flow parameters on the 
flow fields in the stenosed arteries are studied numerically. 
 
8.1. On the Numerical Method 
A modified SIMPLE strategy developed by Ferziger and Peric (2002) on collocated 
grids is used in the current study. The two integral momentum equations and a 
pressure correction equation are solved by strongly implicitly procedure (SIP), a 
method specifically designed for solving the algebraic equations discretized from 
partial differential equations proposed by Stone (1968). The gradients at the CV 
centre, which are needed for the calculation of cell face velocities, are obtained by 
using Gauss theorem. The pressure at the cell face centre is obtained by interpolation. 
Boundary-fitted non-staggered non-orthogonal grids are used in the current 
study to calculate flows in complex geometries. The advantage of such grids is that 
they can be adapted to any geometry, and that optimum properties are easier to 
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achieve than that of orthogonal curvilinear grids. Since the grid lines follow the 
boundaries, the boundary conditions are more easily implemented. 
A variety of computed results for steady and unsteady laminar flows are 
presented to validate the present method. The comparisons between current numerical 
results and the experimental data and others numerical results show that the current 
numerical method is capable of efficiently simulating laminar flow in the arteries with 
good accuracy and stability. 
 
8.2. On Waveform Pulsatile Flow in a Stenosed Tube 
A comparative investigation on the effects of the waveform incoming physiological 
flow on the vertical flow field in a stenosed artery vessel by varying the systolic 
acceleration-to-deceleration time ratio, the systole-to-diastole time ratio, the Reynolds 
number and the Womersley number of the physiological pulsation is made in the 
current study. The influence of the parameters on the flow field are examined by 
comparing the instantaneous streamline, dimensionless instantaneous tube wall 
pressure distribution and the instantaneous wall vorticity distribution at different 
critical points on the curve of the incoming flow rate. 
 Propagating vortices are found for all the cases, but they show great sensitivity 
to the waveforms of the incoming flow. The generation and development of the 
vortices may be linked to the presence of an adverse pressure gradient. The adverse 
pressure gradient consists of a global pressure gradient that is found to be closely 
related to the dynamics of the pulsation, and a local pressure gradient, which is 
observed to be dominated by the vortex dynamics. The vortices downstream the 
stenosis apparently produce a very low pressure region, which is a result of the 
superposition of the global and local pressure distributions. The vortices show great 
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dependence on the variation in the acceleration-to-deceleration time ratio, mostly 
apparent at the maximum flow rate point and the vortex becomes the major factor that 
determines the wall vorticity. The propagation of the vortices is faster for a smaller 
acceleration-to-deceleration time ratio. The nature of the generation and the 
development of the vortices show great sensitivity to the systole-to-diastole time ratio. 
In the systolic phase, the length of the vortex and the strength of both the primary 
vortex and secondary disturbance are proportional to the value of the systole-to-
diastole time ratio. However, the variation of the diastolic interval does not put a 
considerable impact on the flow behavior in the diastolic phase.  
The variation of the Reynolds number as well as the Womersley number 
exhibits great influences on the flow pattern and the vortices. The strength of the 
vortices increases monotonically while the Reynolds and the Womersley number 
increases. The length of the vortices increases with the increase of the Reynolds 
number, but is inversely proportional to the Womersley number. The pressure 
gradient is significantly related to the Reynolds number and will increase dramatically 
with the increase of the Reynolds number. The effect of the Womersley number is 
strained on the region where the vortex occurs and the wall vorticity shows large 
value. A larger Womersley number may result in a more complex flow field. 
The geometry of the constriction also imposes great influence on the pulsatile 
flow behaviour in the blood vessel. It is found that the increases of the constriction 
ratio, the constriction length and the non-symmetric constriction will result in the 
acceleration and the strengthening of the induced vortices, both the primary and the 
secondary ones. The dimensionless pressure drop and the wall vorticity increase 
dramatically for a severer constriction. The non-symmetric constrictions cause a 
 96
lower pressure drop and wall vorticity at the vortices. The pressure distribution is 
greatly increased by a longer constriction. 
 
8.3. On Waveform Pulsatile Flow through Double 
Constrictions 
A numerical simulation has been carried out for the physiological waveform laminar 
fluid flow through a double axisymmetrical cosine curved stenosis. The effects of the 
spacing ratio between the two constrictions and the constriction ratio of the 
downstream stenosis on the flow pattern, the instantaneous pressure distribution and 
the instantaneous wall vorticity distribution when the unsteady fluid passing through 
the two adjacent vascular stenoses are investigated numerically. 
 A critical value of spacing ratio 4.0 was found in the systole phase. For the 
spacing ratio less than 4.0, the flow pattern, the pressure and the wall vorticity 
distribution in the valley region between the constrictions are greatly influenced by 
the downstream constriction. The recirculation region formed downstream the first 
stenosis has a relatively weak effect on the vortex produced by the stenosis 
downstream with the increase of the spacing ratio. But the induced vortices behind the 
second stenosis may propagate faster downstream for a larger spacing between the 
two stenoses. It is also found that the peak wall vorticity and the local pressure 
gradient generated by the second stenosis with the constriction ratio greater than 1/2 
are dramatically increased with the increase of the severity of the downstream stenosis. 
It is expected that the constriction ratio 1/2 is an acceptable critical downstream 
constriction ratio value, beyond which there is a sudden change in the flow properties 
downstream the second constriction. 
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8.4. Recommendations for Future Work 
In the current study, the walls of the flow model are assumed to be rigid. However, 
the actual wall of the vascular tube is distensible. In the physiological situation, the 
wall is moving and the relative change in the diameter can go up to the order of 10% 
of the undeformed diameter. The flow pattern may be affected by the elasticity. The 
arterial wall elasticity should be taken into account by solving the equations of the 
wall motion along with the Navier-Stokes equations. The interaction between the wall 
and the fluid may be considered. Besides, the actual wall of the vascular is not 
symmetric in shape and in the case of a complex geometry, the secondary flow is 
important. Three-dimensional analysis may provide further understanding of the flow 
behaviours. In the present study, a laminar flow is studied, however, in certain parts of 
the artery system, the Reynolds number is higher than the Reynolds number 
considered in the present study and the flow exhibits a turbulent behaviour. So a 
numerical study on the turbulent flow model, steady or unsteady, may be carried out 
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Figure 4.1 (b) 
Figure 4.1 Grid refinement study for steady flow through a smooth stenosis (profiles 
are offset by 5 units in the z-direction) 
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Figure 4.2 (a) 
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Figure 4.2 (b) 
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Figure 4.3 Comparison of the dimensionless pressure drop 
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Figure 4.4 (a) 
















Figure 4.4 (b) 
Figure 4.4 Comparison of velocity profiles with experimental data 
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Figure 4.5 (a) 

























Figure 4.5 (b) 
Figure 4.5 Comparison of dimensionless axial velocity far downstream at t/T=0, 1/4, 



























Figure 5.1 Physiological waveform pulsatile incoming flow rate with various systolic 


























Figure 5.2 Acceleration of the incoming flow rate with various systolic acceleration-


























Figure 5.3 Physiological waveform pulsatile incoming flow rate with various systole-


























Figure 5.4 Acceleration of the incoming flow rate with various systole-to-diastole 
time ratio 
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Figure 5.5 Instantaneous streamlines for physiological waveform pulsatile flow for 
Re=100, Wo=6, η=1.0, ξ=1.0 
 



























Figure 5.6 (a) 
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Figure 5.6 (b) 
Figure 5.6 Dimensionless pressure drop at different critical points for Re=100, Wo=6, 
η=1.0, ξ=1.0 
 

















Figure 5.7 (a) 
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Figure 5.7 (b) 
















Figure 5.8 Instantaneous streamlines for physiological waveform pulsatile flow for 















Figure 5.9 Instantaneous streamlines for physiological waveform pulsatile flow for 
Re=100, Wo=6, η=2.0 
 



























Figure 5.10 (a) 
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Figure 5.10 (b) 
























Figure 5.10 (c) 
Figure 5.10 Dimensionless pressure drop at Points B (a), C (b) and D (c) for η=0.5, 
1.0 and 2.0 
 
 117

















Figure 5.11 (a) 

















Figure 5.11 (b) 
 118


















Figure 5.11 (c) 
















Figure 5.12 Instantaneous streamlines for physiological waveform pulsatile flow for 















Figure 5.13 Instantaneous streamlines for physiological waveform pulsatile flow for 
Re=100, Wo=6, ξ=2.0 
 



























Figure 5.14 (a) 
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Figure 5.14 (b) 
























Figure 5.14 (c) 
Figure 5.14 Dimensionless pressure drop at Points B (a), D (b) and E (c) for ξ=0.5, 
1.0 and 2.0 
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Figure 5.15 (a) 


















Figure 5.15 (b) 
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Figure 5.15 (c) 

































Figure 5.17 Instantaneous streamlines for physiological waveform pulsatile flow for 
Re=200, Wo=6 
 



























Figure 5.18 (a) 
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Figure 5.18 (b) 























Figure 5.18 (c) 
Figure 5.18 Dimensionless pressure drop at Points B (a), C (b) and D (c) for Re=50, 
100 and 200 
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Figure 5.19 (a) 

















Figure 5.19 (b) 
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Figure 5.19 (c) 

































Figure 5.21 Instantaneous streamlines for physiological waveform pulsatile flow for 
Re=100, Wo=10 
 



























Figure 5.22 (a) 
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Figure 5.22 (b) 
























Figure 5.22 (c) 
























Figure 5.23 (a) 















Figure 5.23 (b) 
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Figure 5.23 (c) 
















Figure 6.1 Instantaneous streamlines for physiological waveform pulsatile flow for 














Figure 6.2 Instantaneous streamlines for physiological waveform pulsatile flow for 




























Figure 6.3 (a) 


























Figure 6.3 (b) 
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Figure 6.3 (c) 
Figure 6.3 Dimensionless pressure drop at Points B (a), D (b) and E (c) for C=1/3, 1/2, 
and 1/3 
 
























Figure 6.4 (a) 
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Figure 6.4 (b) 


















Figure 6.4 (c) 
















Figure 6.5 Instantaneous streamlines for physiological waveform pulsatile flow for 
Re=100, Wo=6, C=1/2, lu:ld=1:2 
 












Figure 6.6 Instantaneous streamlines for physiological waveform pulsatile flow for 
Re=100, Wo=6, C=1/2, lu:ld=2:1 
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Figure 6.7 (a) 
























Figure 6.7 (b) 
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Figure 6.7 (c) 
Figure 6.7 Dimensionless pressure drop at Points B (a), D (b) and E (c) for C=1/2; 
lu:ld=1:2, lu:ld=1:1 and lu:ld=2:1 
 

















Figure 6.8 (a) 
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Figure 6.8 (b) 


















Figure 6.8 (c) 

















Figure 6.9 Instantaneous streamlines for physiological waveform pulsatile flow for 














Figure 6.10 Instantaneous streamlines for physiological waveform pulsatile flow for 
Re=100, Wo=6, C=1/2, l0=2 
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Figure 6.11 (a) 


























Figure 6.11 (b) 
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Figure 6.11 (c) 
Figure 6.11 Dimensionless pressure drop at Points B (a), D (b) and E (c) for C=1/2; 
l0=0, 1 and 2 
 

















Figure 6.12 (a) 
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Figure 6.12 (b) 


















Figure 6.12 (c) 



















Figure 7.1 Instantaneous streamlines for physiological waveform pulsatile flow for 















Figure 7.2 Instantaneous streamlines for physiological waveform pulsatile flow for 














Figure 7.3 Instantaneous streamlines for physiological waveform pulsatile flow for 
Re=100, Wo=6, S/r0=6.0 
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Figure 7.4 (a) 






















Figure 7.4 (b) 
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Figure 7.4 (c) 
Figure 7.4 Dimensionless pressure drop at Points B (a), D (b) and E (c) for S/r0=2.0, 
4.0, 6.0 and ∞ 
 



















Figure 7.5 (a) 
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Figure 7.5 (b) 




















Figure 7.5 (c) 


















Figure 7.6 Instantaneous streamlines for physiological waveform pulsatile flow for 
Re=100, Wo=6, C2=1/3 
Steady:  
 












Figure 7.7 Instantaneous streamlines for physiological waveform pulsatile flow for 
Re=100, Wo=6, C2=2/3 
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Figure 7.8 (a) 






















Figure 7.8 (b) 
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Figure 7.8 (c) 
Figure 7.8 Dimensionless pressure drop at Points B (a), D (b) and E (c) for C2=1/3, 
1/2, 2/3 and 0 
 



















Figure 7.9 (a) 
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Figure 7.9 (b) 



















Figure 7.9 (c) 
















Figure 7.10 Instantaneous streamlines for physiological waveform pulsatile flow for 














Figure 7.11 Instantaneous streamlines for physiological waveform pulsatile flow for 
Re=200, Wo=6, S/r0=2.0 
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Figure 7.12 (a) 






















Figure 7.12 (b) 
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Figure 7.12 (c) 
Figure 7.12 Dimensionless pressure drop at Points B (a), D (b) and E (c) for Re=50, 
100 and 200 
 

















Figure 7.13 (a) 
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Figure 7.13 (b) 


















Figure 7.13 (c) 
















Figure 7.14 Instantaneous streamlines for physiological waveform pulsatile flow for 














Figure 7.15 Instantaneous streamlines for physiological waveform pulsatile flow for 
Re=100, Wo=2, S/r0=2.0 
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Figure 7.16 (a) 






















Figure 7.16 (b) 
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Figure 7.16 (c) 
Figure 7.16 Dimensionless pressure drop at Points B (a), D (b) and E (c) for Wo=2, 6 
and 10 
 















Figure 7.17 (a) 
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Figure 7.17 (b) 
















Figure 7.17 (c) 
Figure 7.17 Wall vorticity at Points B (a), D (b) and E (c) for Wo=2, 6 and 10 
 
 
